
CHAPTER 10: HYPOTHESIS TESTS OF A SINGLE POP-
ULATION

Concepts of Hypothesis Testing

�We test validity of a claim or a conjecture (hy-
pothesis) about a population parameter by using
a sample data
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� Null Hypothesis: The hypothesis that is main-
tained unless there is a strong evidence against
it

� Alternative Hypothesis: The hypothesis that is
accepted when the null hypothesis is rejected

�Note: If you do not reject the null hypothesis,
it does not mean that you accept it. You just
fail to reject it
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� Simple Hypothesis: A hypothesis that popula-
tion parameter, �, is equal to a speci�c value,
�0

H0 : � = �0

� Composite Hypothesis: A hypothesis that pop-
ulation parameter is equal to a range of values
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�One-Sided Composite Alternative Hypothesis:

H1 : � > �0

or
H1 : � < �0

�Two-Sided Composite Alternative Hypothe-
sis:

H1 : � 6= �0
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� Hypothesis Test Decisions: In order to decide to
accept the Null hypothesis, or reject it in favor
of the alternative, we should formulate a decision
rule. Below, we go over some related de�nitions

�Type I Error: Rejecting a true null hypothesis

�Type II Error: The failure to reject a false null
hypothesis
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�Signi�cance Level of a Test: The probability
of making Type I error, which is often denoted
in percentage and by �:

� In this case a test is referred to as a (100�
�)% level test

�Power of a Test: The probability of not mak-
ing Type II error
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Null is True Null is False

Reject Null Type I Error Correct
Fail to Reject Null Correct Type II Error

� Type I and Type II errors are inversely related:
As one increases, the other decreases (but not
one to one)
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� Örnek: Bir fabrikada paketlenen pirinç çuval-
lar¬n¬n a¼g¬rl¬¼g¬ndan bahsedelim

�Null (yokluk) hipotezimiz simple (basit) bir
hipotez olan pirinç çuvallar¬n¬n a¼g¬rl¬¼g¬n¬n 16
kg�a ȩsit oldu¼gu olsun

H0 : � = 16

bu durumda alternatif hipotezimiz, tek yönlü
birlȩsik hipotezler olan

H1 : � > 16 veya H1 : � < 16
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veya iki yönlü birlȩsik bir hipotez olan

H1 : � 6= 16
olabilir

�Bunun yan¬nda birlȩsik bir Null hipotez de
tan¬mlanabilir

H0 : � 6 16
bu durumda alternatif hipotez ise

H1 : � > 16

olacakt¬r
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Tests of the Mean of a Normal Distribution: Population Vari-
ance Known

� A test with signi�cance level � of the null
H0 : � = �0

against the alternative

H1 : � > �0

is obtained by using the following decision rule

Reject H0 if :
�x� �0
�=
p
n
> z�

or equivalently �x > �0 + z��=
p
n
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� If we use a �gure
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� In this case � is the signi�cance level of the test
(Probability of rejecting a true null hypothesis)

� If it was two-sided test, the signi�cance level of
the test would had been 2�

� Yet, the power of the test (The probability of not
rejecting a false null hypothesis) is not 1� 2�:
�Because, if null hypothesis is wrong, then you
hold the alternative hypothesis. It means the
underlying distribution is di¤erent
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� Örnek: Bir mal¬n üretim sistemi do¼gru olarak
çal¬̧st¬¼g¬zaman, ürünlerin a¼g¬rl¬¼g¬n¬n ortalamas¬n¬n
5 kg, standart sapmas¬n¬n da 0.1 kg oldu¼gu, ve
bu a¼g¬rl¬klar¬n normal bir da¼g¬l¬ma sahip oldu¼gu
görülmü̧stür. Üretimmüdürü taraf¬ndan yap¬lan
bir de¼gi̧siklik sonucunda, ortalama ürün a¼g¬rl¬¼g¬n¬n
artmas¬, ama standart sapmas¬n¬n de¼gi̧smemesi
amaçlanm¬̧st¬r. Bu de¼gi̧siklikten sonra 16 ele-
manl¬ rassal bir örneklem seçildi¼gi zaman, bu
örneklemdeki ürünlerin ortalama a¼g¬rl¬¼g¬ 5.038
kg olarak bulunmu̧stur. Son populasyondaki ürün
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a¼g¬rl¬¼g¬n¬n 5 kg olmas¬null hipotezini, alternatif
hipotez olan 5 kg�dan büyük olmas¬hipotezine
göre %5 ve %10 önem derecesinde (signi�cance
level) test ediniz

�Biz a̧sa¼g¬daki hipotezi

H0 : � = 5

şu alternetif hipoteze göre test etmek istiyoruz

H1 : � > 5

�Aşa¼g¬daki ko̧sul sa¼gland¬¼g¬zaman H0�¬H1�a
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kaŗs¬reddedebiliriz
�X � �
�=
p
n
> z�

�Soruda verilenler: �x = 5:038 �0 = 5 n =
16 � = :1; dolay¬s¬yla

�X � �0
�=
p
n
=
5:038� 5
:1=
p
16

= 1:52

�Önem derecesi %5 ise; standart normal tablo-
sundan %5�e denk gelen z de¼geri

z0:05 = 1:645
15
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dolay¬s¬yla 1.52 bu say¬dan daha büyük ol-
mad¬¼g¬ndan null hipotezini %5 önem seviyesinde
reddedemiyoruz (fail to reject)

�5.038 de¼geri, 5 de¼gerinden çok uzak bulun-
mam¬̧st¬r

�Önemderecesi %10 ise; standart normal tablo-
sundan %10�e denk gelen z de¼geri

z0:1 = 1:28

bu sefer 1.52 bu say¬dan daha büyük oldu¼gun-
dan null hipotezini %10 önem düzeyinde red-
dedebiliyoruz
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� Probability Value (p-value)*: In the previous ex-
ample we have seen that we could not reject a
test at %5 signi�cance level, but at %10. Hence
it is possible to �nd the smallest signi�cance level
at which the null hypothesis is rejected, this is
called p-value of a test. Formally, if random sam-
ple of n observations was obtained from a nor-
mally distributed population with mean � and
known variance �2, and if the observed sample
mean is �x, the null hypothesis

H0 : � = �0
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is tested against the alternative

H1 : � > �0

The p-value of the test is

p� value = P ( �x� �
�=
p
n
� zp j H0 : � = �0)
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� Örnek: Bir önceki örnekte
�X � �0
�=
p
n
=
5:038� 5
:1=
p
16

= 1:52

bulunmu̧stu. Bu ȩsitli¼gi sa¼glayan � de¼geri stan-
dart normal tablosundan 0.643 olarak bulunabilir,
testin p-de¼geridir. Şekille gösterirsek

19
Ozan Eksi, TOBB-ETU



Composite Null and Alternative Hypothesis

� The appropriate procedure for testing, at signif-
icance level �, the null hypothesis

H0 : � � �0
against the alternative hypothesis

H1 : � < �0

is precisely the same when the null hypothesis
is H0 : � = �0. In addition, p-values are also
computed in exactly the same way

20
Ozan Eksi, TOBB-ETU



� Dolay¬s¬yla karar kural¬m¬z

Reject H0 if :
�X � �0
�=
p
n
< �z�

�Şekille gösterirsek
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� Örnek: 541 mü̧steriye ma¼gazadan memnuniyet-
leri sorulmu̧s, ve 5 (çok kötü)�den 1(çok iyi)�ye
kadar de¼gerlendirmeleri istenmi̧stir. Örneklem
ortalamas¬3.68 ç¬km¬̧st¬r. Y¬llar itibariyle olu̧san
gözlemlerdem mü̧steri populasyonunun standart
sapmas¬n¬n 1.21 oldu¼guda bilinmektedir. Mü̧s-
teri populasyonunun de¼gerlendirme ortalamas¬n¬n
3.75 veya daha üstü olmas¬n¬n pozitif bir mü̧steri
memnuniyetine sahip birma¼gaza olaca¼g¬dü̧sünülürse,
bu y¬l ki populasyonun de¼gerlendirme ortalamas¬n¬n
3.75 veya daha yüksek olmas¬null hipotezini al-
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ternative hipotez olan 3.75�den küçük olmas¬hipotezine
kaŗs¬test ediniz

�Biz a̧sa¼g¬daki hipotezi

H0 : � > 3:75
şu alternatif hipoteze göre test etmek istiyoruz

H1 : � < 3:75

�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

�x� �0
�=
p
n
< �z�
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�Soruda verilenler: �x = 3:68 �0 = 3:75 n =
541 � = 1:21; dolay¬s¬yla

�x� �0
�=
p
n
=
3:68� 3:75
1:21=

p
541

= �1:35

�Standart normal tablosundan bu ȩsitli¼gi sa¼glayan
� de¼geri

z� = 1:35 ) � = 0:0885

oldu¼gundan, %8.85�den büyük herhangi bir önem
derecesinde null hipotezi reddedilir
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�Şekille gösterirsek
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Simple Null Against Two-Sided Alternative

� To test the null hypothesis
H0 : � = �0

against the alternative at signi�cance level �

H1 : � 6= �0
use the following decision rule

Reject H0 if :
�X � �0
�=
p
n
< �z�=2

or
�X � �0
�=
p
n
> �z�=2
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� Örnek: Bir delgi makinas¬düzgün çal¬̧st¬¼g¬nda
standart sapmas¬0.06 cm olan normal da¼g¬l¬ma
sahip delikler açabilmektedir. 9 elemanl¬bir örnek-
lem seçildi¼ginde bunlar¬n ortalama geni̧sli¼ginin
1.95 cm oldu¼gu görülmü̧stür. Ortalama delik
geni̧sli¼ginin 2 cm oldu¼gu null hipotezini, alter-
natif hipotez olan 2 cm olmad¬¼g¬hipotezine kaŗs¬
% 5 önem derecesi kullanarak test ediniz. Ayr¬ca
testin p-de¼gerini bulunuz
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�Biz a̧sa¼g¬daki hipotezi

H0 � = 2

şu alternetif hipoteze göre test etmek istiyoruz

H1 : � 6= 2

�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

�x� �0
�=
p
n
> z�=2 or

�x� �0
�=
p
n
< �z�=2
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�Soruda verilenler: �x = 1:95 �0 = 2 n =
9 � = :06; dolay¬s¬yla

�x� �0
�=
p
n
=
1:95� 2
:06=

p
9
= �2:5

�Standart normal tablosundan %5�e denk gelen
z de¼geri ise

z0:025 = 1:96

dolay¬s¬yla -2.50 bu say¬dan daha yüksek oldu¼gun-
dan null hipotezini %5 önem düzeyinde red-
dediyoruz
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�Şekille gösterirsek
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�Standart normal tablosundan bakacak olur-
sak �z�=2�yi �2:5�e ȩsit yapacak olan �=2 =
0:0062�dir.

�Dolay¬s¬yla � = 0:0124 olarak bulunur. Bu da
testin p-de¼geridir
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Tests of the Mean of a Normal Distribution: Population Vari-
ance Unknown

�We are given a random sample of n observations
was obtained from a normally distributed popu-
lation with mean �. Using the sample mean and
sample standart deviation, �x and s respectively,
we can use the following tests with signi�cance
level �
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1. To test the null hypothesis

H0 : � = �0 or H0 : � 6 �0
against the alternative

H1 : � > �0

the decision rule is as follows

Reject H0 if :
�x� �0
sx=
p
n
> tn�1;�
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2. To test the null hypothesis

H0 : � = �0 or H0 : � > �0
against the alternative

H1 : � < �0

the decision rule is as follows

Reject H0 if :
�x� �0
sx=
p
n
< �tn�1;�
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3. To test the null hypothesis

H0 : � = �0

against the alternative

H1 : � 6= �0
the decision rule is as follows

Reject H0 if :
�x� �0
sx=
p
n
< �tn�1;�=2

or
�x� �0
sx=
p
n
> tn�1;�=2
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bunu şekille gösterirsek
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� Örnek: Bir fast food zincirinden 6 sat¬̧s noktas¬
seçilmi̧stir ve bu noktalarda Aral¬k ay¬için şu %
sat¬̧s art¬̧slar¬gözlemlenmi̧stir: 19.2 18.4 19.8
20.2 20.4 19.0. Populasyonun normal da¼g¬ld¬¼g¬
kabul edildi¼ginde, ortalama sat¬̧s art¬̧s¬n¬n %20
oldu¼gu null hipotezini alternatif iki yönlü hipotezine
kaŗs¬%10 önem derecesine göre test ediniz.
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�Biz a̧sa¼g¬daki hipotezi

H0 : � = 20

şu alternetif hipoteze göre test etmek istiyoruz

H1 : � 6= 20
H0�¬H1�a kaŗs¬reddetmek için bakmam¬z gereken
karar kural¬ise
�x� �0
sx=
p
n
> tn�1;�=2 or

�x� �0
sx=
p
n
< �tn�1;�=2
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�·Ilk önce örneklem ortalama ve standart sap-
mas¬n¬hesaplayal¬m

xi yi
19.2 368.64
18.4 338.56
19.8 392.04
20.2 408.04
20.4 416.16
19.0 361.00

Toplamlar 117.0 2,284.44
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�Dolay¬s¬yla örneklem ortalamas¬

�x =

nP
i=1
xi

n
=
117

6
= 19:5

örneklem varyasyonu

s2x =

nP
i=1
x2i � �x

2

n� 1 =
2; 284:44� 6 � 19:52

5
= :588

ve standart sapmas¬

sx =
p
:588 = :767
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�Bu de¼gerleri kulland¬¼g¬m¬zda
�x� �0
sx=
p
n
=
19:5� 20
:767=

p
6
= �1:597

�Şimdi %10 önem dereceli testimizi yaparsak,
gerekli olan t de¼geri

tn�1;�=2 = t5;:05 = 2:015

-1.597 de¼geri -2.015 ve 2.015 de¼gerleri aras¬nda
oldu¼gundan, ortalaman¬n %20 artm¬̧s oldu¼gu
null hipotezini %10 önemderecesinde reddedemiy-
oruz
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Tests of the Population Proportion (Large Samples)

� Daha önceki bölümlerde bir populasyondaki bir
olay¬n tekrarlanma oran¬n¬P , örneklemdeki tekrar-
lanma oran¬n¬ise p̂ ile gösterdi¼gimizde, a̧sa¼g¬daki
Z rassal de¼gi̧skenin da¼g¬l¬m¬n¬n standart normal
oldu¼gundan bahsetmi̧stik

Z =
p̂� Pp

P (1� P )=n
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Test etti¼gimiz null hipotezi

H0 : P = P0

ise, bu hipotez do¼gruysa a̧sa¼g¬daki rassal de¼gi̧sken
de normal da¼g¬l¬yordur.

Z =
p̂� P0p

P0(1� P0)=n
Dolay¬s¬yla;
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1. To test the null hypothesis

H0 : P = P0 or H0 : P � P0
against the alternative

H1 : P > P0

the decision rule is as follows

Reject H0 if :
p̂x � P0p
P0(1� P0)=n

> z�
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2. To test the null hypothesis

H0 : P = P0 or H0 : P � P0
against the alternative

H1 : P < P0

the decision rule is as follows

Reject H0 if :
p̂x � P0p
P0(1� P0)=n

< �z�
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3. To test the null hypothesis

H0 : P = P0

against the alternative

H1 : P 6= P0
the decision rule is as follows

Reject H0 if :
p̂x � P0p
P0(1� P0)=n

< �z�=2

or
p̂x � P0p
P0(1� P0)=n

> z�=2
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� Örnek: 802 süpermarketmü̧sterisinden 378 tanesi
ald¬klar¬ürünün�yat¬n¬, o ürünü arabalar¬na koy-
duktan hemen sonra soruldu¼gunda do¼gru yan¬t-
lam¬̧st¬r. Tüm mü̧steri populasyonunun en az
%50�sinin do¼gru�yat¬söylebildikleri null hipotezini,
alternatif hipotez olan daha az¬n¬n söyledi¼gi hipotezine
kaŗs¬%10 önem derecesinde test ediniz.
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�Biz a̧sa¼g¬daki hipotezi

H0 : P � :50
şu alternetif hipoteze göre test etmek istiyoruz

H1 : P < :50

�H0�¬H1�a kaŗs¬reddetmek için karar kural¬
p̂x � P0p
P0(1� P0)=n

< �z�

�Soruda verilenler: P0 = :50 n = 802 p̂x =
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378=802 = :471

p̂x � P0p
P0(1� P0)=n

=
:471� :50p
:5 � :5=802

= �1:64

�Standart normal tablosundan %10�a denk ge-
len z de¼geri ise

z� = z:10 = 1:28

1.64 bu say¬dan daha büyük oldu¼gundan null
hipotezini %10 önem düzeyinde reddediyoruz
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�Şekille gösterdi¼gimizde
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Assessing the Power of a Test

Determining the Probability of Type II Error

� Consider the test
H0 : � = �0

against the alternative

H1 : � > �0

using the decision rule

Reject H0 if :
�x� �0
�=
p
n
> z�
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� Now suppose the null hypothesis is wrong and
the population mean, ��, is in the region of H1.
Type II error is the failure to reject a false null
hypothesis. Thus, we consider a � = �� such
that �� > �0. Then the probability of making
Type II error is

� = P (z <
�x� ��
�=
p
n
)

therefore the Power of a Test (the probability of
not making Type II error)

1� �
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� Örnek: Daha önce verdi¼gimiz örnekte, 16 ele-
manl¬ rassal bir örneklem seçildi¼gi zaman, bu
örneklemdeki ürünlerin ortalama a¼g¬rl¬¼g¬n¬n 5 kg
olmas¬null hipotezini, alternatif hipotez olan 5
kg�dan büyük olmas¬hipotezine göre %5 önem
derecesinde test etmi̧stik

�Biz a̧sa¼g¬daki hipotezi

H0 : � = 5

şu alternatif hipoteze göre test etmek istiyoruz

H1 : � > 5
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�Soruda verilenler: �0 = 5 n = 16 �2 =
:1 z� = z:05 = 1:645; dolay¬s¬yla H0�¬
H1�a kaŗs¬reddetmek için karar kural¬(deci-
sion rule)

�x� �0
�=
p
n
=
�x� 5
:1=4

> 1:645

ya da �x > 1:645 � (:1=4) + 5 = 5:041
bu da demek oluyor ki örneklem ortalamas¬
5.041�den küçük oldu¼gunda null hipotezimizi
reddedemiyor olaca¼g¬z
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�Diyelim ki populasyon ortalamas¬5.05 olsun
(yani alternatif hipotez do¼gru olsun), ve null
hipotezimizi reddetmeyerekType II Error yapma
ihtimalimizi bulal¬m. Yani populasyon ortala-
mas¬5.05 iken örneklemortalamas¬n¬n 5.041�den
küçük olma ihtimalini

P ( �X � 5:041) = P (Z � 5:041� �
�=
p
n
)

= P (Z � 5:041� 5:05
:1=4

) = P (Z � �:36)
= 1� :64 = 0:36
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dolay¬s¬yla testimizin gücü

Power = 1� � = :64
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� Şekille gösterirsek
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� Örnek: 600 ki̧silik bir örneklem seçilmi̧s ve bu
ki̧silerde 382 tanesinin Apartisine oy verece¼gi an-
la̧s¬lm¬̧st¬r. E¼ger null hipotezimiz populasyonun
%50�sinin A partisine oy verece¼gi, ve alternati-
�miz de iki yönlü bir hipotezse, null hipotezi %5
önem derecesinde test ediniz
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�Biz a̧sa¼g¬daki hipotezi

H0 : p = 0:5

şu alternetif hipoteze göre test etmek istiyoruz

H1 : p 6= 0:5

�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

p̂� P0r
P0(1� P0)

n

> z�=2 or
p̂� P0r
P0(1� P0)

n

< �z�=2
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�Soruda verilenler: P0 = :50 n = 600 z�=2 =
z:025 = 1:96; dolay¬s¬yla
p̂� :50r
:50 � :50
600

> 1:96 or
p̂� :50r
:50 � :50
600

< �1:96

Yani
:46 � p̂ � :54

�Sorudaki örneklemdeki de¼ger
p̂X = 382=600 = :637

dolay¬s¬yla %5 önem derecesinde null hipotezi
reddediyoruz
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� Şimdi diyelim ki populasyon ortalamas¬0.55 ol-
sun ve Type II error yapma ihtimalini bulal¬m.
Yani populasyon de¼geri 0.55 iken örneklemde¼gerinin
0.46 ila 0.54 aras¬nda olma ihtimali

P (:46 � p̂X � :54)

= P (
:46� P1p
P1(1� P1)=n

� Z � :54� P1p
P1(1� P1)=n

)

= P (
:46� :55p
:55 � :45=600

� Z � :54� :55p
:55 � :45=600

)

= P (�4:43 � Z � �:49) = :3121
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dolay¬s¬yla testimizin gücü

Power = 1� � = :688
�Şekille gösterirsek

62
Ozan Eksi, TOBB-ETU



Tests of the Variance of a Normal Distribution

� A random sample of n observations was obtained
froma normally distributed populationwith vari-
ance �2. If the sample variance s2, remember
that following random variable

(n� 1)s2
�2

has a �2 (chi-square) distribution with n� 1 de-
grees of freedom

� Then we can use the following tests with signi�-
cance level �
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1. To test the null hypothesis

H0 : �
2 = �20 or H0 : �

2 � �20
against the alternative

H1 : �
2 > �20

the decision rule is as follows

Reject H0 if :
(n� 1)s2

�20
> �2n�1;�
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2. To test the null hypothesis

H0 : �
2 = �20 or H0 : �

2 � �20
against the alternative

H1 : �
2 < �20

the decision rule is as follows

Reject H0 if :
(n� 1)s2

�20
< �2n�1;1��
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3. To test the null hypothesis

H0 : �
2 = �20

against the alternative

H1 : �
2 6= �20

the decision rule is as follows

Reject H0 if :
(n� 1)s2

�20
> �2n�1;1��=2

or
(n� 1)s2

�20
< �2n�1;1��=2
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� Örnek: Bir deterjandaki istenmeyen kimyasal madde
yüzdesinin varyans¬n¬n %4�ten fazla olmas¬ is-
tenmemektedir. 20 tane rassal detarjan kutusu
seçildi¼ginde örneklem varyans¬n¬n %5.62 oldu¼gu
gözlemlenmi̧stir. Populasyon varyans¬n¬n%4�ten
fazla olmamas¬null hipotezini %10 önem derece-
sine göre test ediniz.
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�Biz a̧sa¼g¬daki hipotezi

H0 : �
2 � �20 = 4

şu alternetif hipoteze göre test etmek istiyoruz

H1 : �
2 > 4

�H0�¬H1�a kaŗs¬reddetmek için karar kural¬

(n� 1)s2X
�20

> �2n�1;�
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�Soruda verilenler: s2X = 5:62 n = 20 �20 =
4; dolay¬s¬yla

(n� 1)s2X
�20

=
19 � 5:62

4
= 26:7

�%10�a denk gelen 19 serbestlik dereceli chi-
square de¼geri ise

�219;:10 = 27:2

26.695 de¼geri 27.20 de¼gerinden büyük olmad¬¼g¬n-
dan, null hipotezini %10 önem düzeyinde red-
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dedemiyoruz
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