CHAPTER 10: HYPOTHESIS TESTS OF A SINGLE POP-
ULATION

Concepts of Hypothesis Testing

e We test validity of a claim or a conjecture (hy-
pothesis) about a population parameter by using
a sample data



e Null Hypothesis: The hypothesis that is main-
tained unless there is a strong evidence against
it

e Alternative Hypothesis: The hypothesis that is
accepted when the null hypothesis is rejected

— Note: If you do not reject the null hypothesis,
it does not mean that you accept it. You just
fail to reject it



e Simple Hypothesis: A hypothesis that popula-
tion parameter, 0, is equal to a specific value,
0o

Hy: 0 =10

e Composite Hypothesis: A hypothesis that pop-
ulation parameter is equal to a range of values



— One-Sided Composite Alternative Hypothesis:
Hy{:0> 0

or
Hy:0 <6

— Two-Sided Composite Alternative Hypothe-
SIS:

Hy:60+#06



e Hypothesis Test Decisions: In order to decide to
accept the Null hypothesis, or reject it in favor
of the alternative, we should formulate a decision
rule. Below, we go over some related definitions

— Type I Error: Rejecting a true null hypothesis

— Type II Error: The failure to reject a false null
hypothesis



— Significance Level of a Test: The probability
of making Type I error, which is often denoted
in percentage and by «.

+ In this case a test is referred to as a (100 —
a)% level test

— Power of a Test: The probability of not mak-
ing Type 1l error



Null is True Null is False

Reject Null Type I Error|  Correct
Fail to Reject Null|  Correct | Type II Error

e Type I and Type II errors are inversely related:
As one increases, the other decreases (but not
one to one)



e Ornek: Bir fabrikada paketlenen pirinc cuval-
larinin agirhgindan bahsedelim

— Null (yokluk) hipotezimiz simple (basit) bir
hipotez olan pirin¢ cuvallarinin agirliginin 16
kg’a egit oldugu olsun

Hy:p=16

bu durumda alternatif hipotezimiz, tek yonlii
birlesik hipotezler olan

Hy:p>16 veya Hy:p <16



veya iki yonlii birlesik bir hipotez olan

Hy:n+#16

olabilir

— Bunun yaninda birlegik bir Null hipotez de
tanimlanabilir

Hy:p <16
bu durumda alternatif hipotez ise
Hy:p>16

olacaktir



Tests of the Mean of a Normal Distribution: Population Vari-
ance Known

e A test with significance level « of the null

Hy:p= py
against the alternative
Hyop > g

is obtained by using the following decision rule

Reject Hy if : il

/N

or equivalently T > g+ zq0/v/n

> 2o
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e If we use a figure

FIGURE 9.2 The probability density function of Z =
(X — po)/(o/V'n) when the null hypothesis Hy: 1 = py is
true and the decision rule for testing H, against the
alternative H,: i > uy at sigmficance level a

fiz) &
L\
0 Z, z
Accept Hy Reject Hy >
z, {x = ol
o/\n
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e In this case « is the significance level of the test
(Probability of rejecting a true null hypothesis)

e If it was two-sided test, the significance level of
the test would had been 2«

e Yet, the power of the test (The probability of not
rejecting a false null hypothesis) is not 1 — 2.

— Because, if null hypothesis is wrong, then you
hold the alternative hypothesis. It means the
underlying distribution is different
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e Ornek: Bir malin itiretim sistemi dogru olarak
calistigl zaman, tirtinlerin agirhiginin ortalamasimin
5 kg, standart sapmasinin da 0.1 kg oldugu, ve
bu agirliklarin normal bir dagilima sahip oldugu
goriilmiistiir. Uretim miidiirii tarafindan yapilan
bir degisiklik sonucunda, ortalama tiriin agirhiginin
artmasi, ama standart sapmasimin degismemesi
amaclanmistir. Bu degisiklikten sonra 16 ele-
manh rassal bir orneklem secildigi zaman, bu
orneklemdeki {irtinlerin ortalama agirligi 5.038
kg olarak bulunmustur. Son populasyondaki iirtin
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agirligimin 5 kg olmasi null hipotezini, alternatif
hipotez olan 5 kg’dan biiyiik olmasi hipotezine
gore %5 ve %10 onem derecesinde (significance
level) test ediniz

— Biz asagidaki hipotezi
Hy:p=5>5
su alternetif hipoteze gore test etmek istiyoruz
Hy:p>5

— Asagidaki kosul saglandign zaman Hy'1 Hq’a
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karsi reddedebiliriz
X —p
o/\/n

— Soruda verilenler: z = 5.038 pug =95 n =
16 o = .1, dolayisiyla

> 2o

X —py 50385
o/vn 1/V/16

— Onem derecesi %5 ise; standart normal tablo-
sundan %5’e denk gelen z degeri

2005 = 1.645

15
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dolayisiyla 1.52 bu sayidan daha biiyiik ol-
madigindan null hipotezini %5 6nem seviyesinde
reddedemiyoruz (fail to reject)

— 5.038 degeri, 5 degerinden cok uzak bulun-
mamistir

— Onem derecesi %10 ise; standart normal tablo-
sundan %10’e denk gelen z degeri

201 = 1.28

bu sefer 1.52 bu sayidan daha biiyiik oldugun-
dan null hipotezini %10 énem diizeyinde red-
dedebiliyoruz
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e Probability Value (p-value)*: In the previous ex-
ample we have seen that we could not reject a
test at %5 significance level, but at %10. Hence
it is possible to find the smallest significance level
at which the null hypothesis is rejected, this is
called p-value of a test. Formally, if random sam-
ple of n observations was obtained from a nor-
mally distributed population with mean p and
known variance o2, and if the observed sample
mean is z, the null hypothesis

Ho:p= p
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is tested against the alternative

Hyop > pg
The p-value of the test is

T — p
p—value:P(U/\/ﬁZzp\HO:,LL:,uO)
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e Ornek: Bir onceki 6rnekte
X—MO_5.038—5
o/vn  1/V16
bulunmustu. Bu egitligi saglayan o degeri stan-

dart normal tablosundan 0.643 olarak bulunabilir,
testin p-degeridir. Sekille gGsterirsek

= 1.92

FIGURE 9.3 Rejection regions for testing Ho: o = po against Hy: p > w, for
significance levels .10, .0643, and .05

Accept Hy Reject Hy
Significance level o
.ELIEJ 10 0643 05 >
' 1.28 1.52 1.645 -
¢ {% - o)
aifn
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Composite Null and Alternative Hypothesis

e The appropriate procedure for testing, at signif-
icance level «, the null hypothesis

Hy @ po>
against the alternative hypothesis
Hy:p < pg

is precisely the same when the null hypothesis
is Hy : p = po- In addition, p-values are also
computed in exactly the same way
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e Dolayisiyla karar kuralimz
X — g

Reject Hy 1f < —2Zq
o/\/n

— Sekille gosterirsek

Ny

Accept Hy

v

=N
1
5

2.

21



e Ornek: 541 miisteriye magazadan memnuniyet-
leri sorulmus, ve 5 (cok kotii)’den 1(cok iyi)’ye
kadar degerlendirmeleri istenmistir. Orneklem
ortalamasi 3.68 cikmustir. Yillar itibariyle olusan
gozlemlerdem miisteri populasyonunun standart
sapmasinin 1.21 olduguda bilinmektedir. Miis-
teri populasyonunun degerlendirme ortalamasinin
3.75 veya daha iistii olmasinin pozitif bir miisteri
memnuniyetine sahip bir magaza olacagi diistiniiliirse,
bu yil ki populasyonun degerlendirme ortalamasinin
3.75 veya daha yiiksek olmasi null hipotezini al-
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ternative hipotez olan 3.75den kiicilik olmasi hipotezine
kars: test ediniz

— Biz asagidaki hipotezi
Hy:p>3.75
su alternatif hipoteze gore test etmek istiyoruz
Hy:p < 3.75

— Hyhv H{’a karsi reddetmek icin karar kural
(decision rule)
T — MO

o/
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— Soruda verilenler: * = 3.68 g =3.70 n =
541 o = 1.21, dolayisiyla

Popg 368-375
o/v/n  1.21/y/541

— Standart normal tablosundan bu egitligi saglayan
a degeri

2 =130 = «a=0.088)

oldugundan, %8.85’den biiyiik herhangi bir 6nem
derecesinde null hipotezi reddedilir
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— Sekille gosterirsek

FIGURE 9.6 Conclusion of the test in Example 9.3: the
nuil hypothesis Hy: (1 = po is rejected against the alternative
Hi: o << o at significance levels greater than (08835,

flz)

>

0 z

Reject Hy Accept Hy >
-1.35 (% — pg)

Tx-l" oo
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Simple Null Against Two-Sided Alternative

e To test the null hypothesis
Hy @ p=
against the alternative at significance level o
Hy o # g
use the following decision rule

X

Reject Hy of : ~ _\/%0 < =242

X — g
> S
> \/ﬁ “a )2
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e Ornek: Bir delgi makinas: diizgiin calistiginda
standart sapmasi 0.06 cm olan normal dagilima
sahip delikler acabilmektedir. 9 elemanl bir 6rnek-
lem secildiginde bunlarin ortalama genisliginin
1.95 c¢cm oldugu goriilmiistiir. Ortalama delik
genigliginin 2 cm oldugu null hipotezini, alter-
natif hipotez olan 2 cm olmadigi hipotezine kars:
% 5 onem derecesi kullanarak test ediniz. Ayrica
testin p-degerini bulunuz
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— Biz asagidaki hipotezi
Hy pp =2
su alternetif hipoteze gore test etmek istiyoruz

Hy:p#2
— Hyhv H{’a karsi reddetmek icin karar kurah
(decision rule)
T — o T — [
0_/\/ﬁ>2&/2 or O_/\/ﬁ<—2a/2
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—Soruda verilenler: * = 1.95 pg =2 n =
9 o = .00, dolayisiyla

[f—,uo_ 195—2_
o/vn  .06/y/9

— Standart normal tablosundan %5’e denk gelen
2 degeri ise

—2.0

20025 = 1.96

dolayisiyla -2.50 bu sayidan daha yiiksek oldugun-
dan null hipotezini %5 6nem diizeyinde red-
dediyoruz
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— Sekille gosterirsek

FIGURE 9.5 The probability density function of Z =
(X — ma)(o/Vn) when the null hypothesis Hy: = po is
true and the decision rule for testing H,, against the
alternative H,: i # uy, at significance level a

f(z) &
44 a
. 2
3, |
~ Zy/2 0 Za/2
Reject Hy Accept Hy Reject Hy
= Zn/? Zof2
(X~ Hol
o/ \‘"ﬂ_
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— Standart normal tablosundan bakacak olur-
sak —z, /o'yl —2.5%¢ esit yapacak olan af2 =
0.0062’dir.

— Dolayisiyla a = 0.0124 olarak bulunur. Bu da
testin p-degeridir
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Tests of the Mean of a Normal Distribution: Population Vari-
ance Unknown

e We are given a random sample of n observations
was obtained from a normally distributed popu-
lation with mean p. Using the sample mean and
sample standart deviation, r and s respectively,
we can use the following tests with significance
level a
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1. To test the null hypothesis
Hy:p=pg or  Hy:p < pg
against the alternative
Hy:p> py

the decision rule is as follows

Reject Hy of : il

Sz/\/1

> tn—l,oz
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2. To test the null hypothesis
Hy:p=pg or  Hy:p = pg
against the alternative
Hy:p <y

the decision rule is as follows

Reject Hy of : il

Sz

< _tn—l,a
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3. To test the null hypothesis
Hy @ po=
against the alternative
Hy o # g

the decision rule is as follows

. . T — Hy
R t Hy 1f : < —t
eject Hy if SN n—1,0/2

T — Hy
>1,_

or
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bunu sekille gosterirsek

FIGURE 9.7 The probability density functionof .-, =
(X — o)
.‘r‘x!"u'ﬁ
the decision rule for testing H, against the alternative

Hi: o # po at significance level o

when the null hypothesis Hy: g0 = g 15 true and

F(1) &
i Lt
2 2
L, I

ot T R 0 foat, 2 -
Reject Hy Accept Hy Reject Hy >
b1, a2 bh-t,af2  1X- g
sx,-"w,fﬁ'

36



e Ornek: Bir fast food zincirinden 6 satis noktasi
secilmistir ve bu noktalarda Aralik ay1 icin su %
satis artislart gozlemlenmigtir: 19.2 184 19.8
20.2 20.4 19.0. Populasyonun normal dagildig:
kabul edildiginde, ortalama satis artisimn %20
oldugu null hipotezini alternatif iki yonlii hipotezine
karst %10 onem derecesine gore test ediniz.
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— Biz asagidaki hipotezi
Hy:p=20
su alternetif hipoteze gore test etmek istiyoruz
Hy:p=# 20

Hy’1 Hy’a karsi reddetmek i¢cin bakmamiz gereken
karar kurali ise

j—uo>t or :E_MO<—t 1 9
NG n—1,a/2 N n—1,a/
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— 11k 6nce 6rneklem ortalama ve standart sap-
masini hesaplayalim

L Yi
19.2  368.64
184  338.56
19.8  392.04
20.2  408.04
204  416.16
19.0 361.00

Toplamlar 117.0 2,284.44
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— Dolayisiyla ¢rneklem ortalamasi

n
2. i

117

=" =1 -195
n 6

orneklem varyasyonu

n

> :c% — 72 5

— 2,284.44 — 6 % 19.5
52 ==l _ = T 58

n—1 D

ve standart sapmasi

Sy = V.088 = .767
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— Bu degerleri kullandigimizda
T —pg 19.5 —20
= = —1.597
se/\/n T67//6

— Simdi %10 6nem dereceli testimizi yaparsak,
gerekli olan t degeri

tn—l,oz/Q = t5 05 = 2.015

-1.597 degeri -2.015 ve 2.015 degerleri arasinda,
oldugundan, ortalamanin %20 artmus oldugu

null hipotezini %10 6nem derecesinde reddedemiy-
Oruz
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Tests of the Population Proportion (Large Samples)

e Daha Onceki boliimlerde bir populasyondaki bir
olayin tekrarlanma oranini P, 6rneklemdeki tekrar-
lanma oramni ise p ile gosterdigimizde, asagidaki
7 rassal degiskenin dagilimimin standart normal
oldugundan bahsetmistik

p—P

7 —
VP(1—P)/n
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Test ettigimiz null hipotezi
Hy: P=Fy

ise, bu hipotez dogruysa asagidaki rassal degisken
de normal dagiliyordur.

p— R

7 —
Vv P(1—PRy)/n

Dolayisiyla;
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1. To test the null hypothesis
Hy:P=Fy or Hy:P<FH
against the alternative
Hi: P> F
the decision rule is as follows

ey — B
Reject Hy of : Ll 0

VP(1—PRy)/n

> 2o
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2. To test the null hypothesis
Hy:P=PFy or Hy:P>F
against the alternative
Hi: P <F
the decision rule is as follows

ey — B
Reject Hy of : Ll 0

VP(1—Fy)/n

< _Za
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3. To test the null hypothesis
Hy: P=F,
against the alternative
H{: P+#PF,
the decision rule is as follows

: : pr — B
Reject Hy of : < —Z2,/9
VR(-R)/n

D — I
or b L > 20 /9

VP(1—Fy)/n
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e Ornek: 802 siipermarket miisterisinden 378 tanesi
aldiklar: iirtintin fiyatini, o iiriinii arabalarima koy-
duktan hemen sonra soruldugunda dogru yanit-
lamugtir. Tim miisteri populasyonunun en az
7050’sinin dogru fiyat1 soylebildikleri null hipotezini,
alternatif hipotez olan daha azinin s6yledigi hipotezine
karst %10 onem derecesinde test ediniz.
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— Biz asagidaki hipotezi
Hy: P> .50
su alternetif hipoteze gore test etmek istiyoruz
Hy: P < .50
— Hyh Hq’a karsi reddetmek icin karar kural
px — B
VPl = Py)/n

— Soruda verilenler: Py =.50 n =802 p,;=

< _ZOZ
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378/802 = .471
pr—Py  ATL—.50
VP (1 —Py)/n  /.5x.5/802

— Standart normal tablosundan %10’a denk ge-
len z degeri ise

= —1.64

Zo = 210 = 1.28

1.64 bu sayidan daha biiyiik oldugundan null
hipotezini %10 6nem diizeyinde reddediyoruz
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— Sekille gosterdigimizde

FIG!JRE 9.10 The probability density function of Z =

— 2 % \hen the null hypothesis Hy: p = py 1s true and
Vpall — polin

the decision rule for testing H,; against the alternative H,; p << o
at significance level o

Flz) 4
=¥ >
z
Reject Ac
gject Hy cept Hy >

" Za {EK-PCII

A Poll = pol/n
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Assessing the Power of a Test

Determining the Probability of Type II Error

e Consider the test
Hy:p=
against the alternative
Hytp > g
using the decision rule
T — [y

/N

Reject Hy if : > Za
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e Now suppose the null hypothesis is wrong and
the population mean, ;*, is in the region of Hj.
Type II error is the failure to reject a false null
hypothesis. Thus, we consider a ¢ = p* such
that ©* > pg. Then the probability of making
Type 1I error is

B = P(z<

- >I<

~)
o/ \/_
therefore the Power of a Test (the probability of
not making Type II error)

1—-p
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e Ornek: Daha once verdigimiz ornekte, 16 ele-
manh rassal bir orneklem secildigi zaman, bu
orneklemdeki tirtinlerin ortalama agirhiginin 5 kg
olmasi null hipotezini, alternatif hipotez olan 5
kg’dan biiyiik olmas1 hipotezine gore %5 6nem
derecesinde test etmistik

— Biz asagidaki hipotezi
Hy:p=5>5
su alternatit hipoteze gore test etmek istiyoruz

Hy:p>5
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—Soruda verilenler: g =5 n=16 o° =
1 2o = 205 = 1.645, dolayisiyla Hph
Hi’a kars1 reddetmek i¢in karar kurali (deci-
sion rule)

,f—,uo_f—5
o/v/n  .1/4
yada T > 1.645%(.1/4)+5=>5.041

bu da demek oluyor ki ¢rneklem ortalamasi
5.041’den kiiciik oldugunda null hipotezimizi
reddedemiyor olacagiz

> 1.645
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— Diyelim ki populasyon ortalamasi 5.05 olsun
(yani alternatif hipotez dogru olsun), ve null
hipotezimizi reddetmeyerek Type 11 Error yapma,
ihtimalimizi bulalim. Yani populasyon ortala-
masi 5.05 iken 6rneklem ortalamasinin 5.041’den
kiiciik olma, ihtimalini

) B 5.041 — 1
P(X < 5.041) = P(Z < v )

5.041 — 5.05
- P(Z< 7 ) = P(Z < —.36)

= 1—-.64=0.36

%)



dolayisiyla testimizin giicii

Power =1— 0 = .64
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x Sekille gosterirsek

FIGURE 9.12 Sampling distributions of sample mean for sixteen
observations with & = .1 with (a) & = 5, (b) o = 5.05: figure shows
calculation of power 1 — B, corresponding to significance level o = .05
for testing Hy: o = 5 against H,: o > 5; power is evaluated at o = 5.05

Fiz) &

ok

ug=500 5041
{a]

FIGURE 9.13 Power function for test Hy: p = 5
against H: w>5S(a = .05 0=.1,n=16)
A

Power (1 - )
i
T

5.05

510

57

=¥

fix) &
1-f= 6406
5041 =305
{b)
A
= n=16
=9
7
= n=4
5 s
05
0 1 L »
5.00 5.05 510

FIGURE 9.14 Power functions for test of
Hy: pp = 5 against Hi: o > 5 (o= 05, 0 = .1},
shown for sample sizes 4,9, 16



e Ornek: 600 Kkisilik bir 6rneklem secilmis ve bu
kisilerde 382 tanesinin A partisine oy verecegi an-
lasilmistir. Eger null hipotezimiz populasyonun
%50’sinin A partisine oy verecegi, ve alternati-
fimiz de iki yonlii bir hipotezse, null hipotezi %5
onem derecesinde test ediniz
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— Biz asagidaki hipotezi
Hy:p=20.5
su alternetif hipoteze gore test etmek istiyoruz
H{:p=#05
— Hyhv H{’a karsi reddetmek icin karar kurah

(decision rule)

p— 1 p— 1
>Z&/2 or

\/Po(l i) \/Po(l - R S a2

n
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— Soruda verilenler: Py = .50 n =600 z, /9 =
< 025 = 1.96, dolayls1yla
p — .50

» — .50
> 1.96 or < —1.96
\/.50 % .50 \/.50 % .50
600 600

Yani

46 < p < .54
— Sorudaki 6rneklemdeki deger
px = 382/600 = .637
dolayisiyla %5 6nem derecesinde null hipotezi
reddediyoruz
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e Simdi diyelim ki populasyon ortalamasi 0.55 ol-
sun ve Type II error yapma ihtimalini bulalim.
Yani populasyon degeri 0.55 iken 6rneklem degerinin
0.46 ila 0.54 arasinda olma ihtimali

P(46 < py < .54)
6-P_,_ -
VPi(1—Py)/n VPi(1-Pp)/n
406 — .59 04 — .55

(\/.55 x.45/600 — T 4/.55 % .45/600)

= P(—4.43 < Z < —.49) = .3121

= P( )
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dolayisiyla testimizin giicii
Power =1 — 3 = .688
— Sekille gosterirsek

'y
10+
=
T
3 5+
03 :\1\\\ | ] | L |
) 42 46 50 54 58

FIGURE %.15 Power function for test of Hy p = .50 agains!
Hy:p# 50 (a= 05, n=0600)
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Tests of the Variance of a Normal Distribution

¢ A random sample of n observations was obtained
from a normally distributed population with vari-
ance 2. If the sample variance s*, remember
that following random variable
(n—1)s
2

o
has a x* (chi-square) distribution with n — 1 de-
grees of freedom

e Then we can use the following tests with signifi-
cance level o
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1. To test the null hypothesis
H0102:0% or H0:02§0%
against the alternative
Hy : o’ > U%
the decision rule is as follows

n—1)s?
Reject Hy if : ( 2> >X%_1@
O— Y
0
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2. To test the null hypothesis
H0102:0% or H0:0220%
against the alternative
Hy : o’ < U%
the decision rule is as follows

, , (n — 1)82 9
Reject Hy 1f : = < Xp—11l-a
0

65



3. To test the null hypothesis
Hy o’ = 0%
against the alternative
Hi: o> # 0%
the decision rule is as follows

| , (n—1)s 5
Reject Hy of : = > Xp—1,1-a/2
0

(n —1)s

2
or 7 S Xp—1,1-a/2
0
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e Ornek: Bir deterjandaki istenmeyen kimyasal madde
yiizdesinin varyansinin %4’ten fazla olmasi is-
tenmemektedir. 20 tane rassal detarjan kutusu
secildiginde érneklem varyansimin %5.62 oldugu
gozlemlenmistir. Populasyon varyansimin %4’ ten
fazla olmamasi null hipotezini %10 6nem derece-
sine gore test ediniz.
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— Biz asagidaki hipotezi
Hy : o’ < a% =4
su alternetif hipoteze gore test etmek istiyoruz
Hy - o > 4
— Hyh Hq’a karsi reddetmek icin karar kural

(n — 1)3%( 5
02 > Xn—1,a
0
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— Soruda, verilenler: s%( =562 n =20 U% =
4, dolayisiyla

(n—1)s% 19 5.62
%

— %10’a denk gelen 19 serbestlik dereceli chi-
square degeri ise

= 26.7

2
X19,.10 = 27.2

26.695 degeri 27.20 degerinden biiyiik olmadigin-
dan, null hipotezini %10 6nem diizeyinde red-
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dedemiyoruz

Flx2 1) &

>
0 X2 -1 1-a2 X2, ar2 i
Reject Hy Accept Hy Reject Hy >
Xa -1, 1-0/2 X -1, a2 (n=1)s2 /o

FIGURE 9.9 The probability density function of y; | =

(n — 1)s.’/o’ when the null hypothesis H: 0° = oy” is true and the
decision rule for testing H, against the alternative H,: o # 0%’ at
significance level «
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