
CHAPTER 11: TWO POPULATION HYPOTHESIS TESTS

Tests of the Di¤erence between two Normal PopulationMeans:
Dependent Samples

� Let�s denote the means of two normally distrib-
uted populations by �X and �Y : Assume the
random sample of x1; x2; :::; xn are drawn from
the �rst population, and the random sample of
y1; y2; :::; yn are drawn from the second popula-
tion. Let�s show the di¤erence of observations by
di = xi � yi, and the mean and standard devia-
tion of these di¤erences by �d and sd. Ifthe popu-

1
Ozan Eksi, TOBB-ETU



lation distribution of these di¤erences is assumed
to be normal, then the following tests have a sig-
ni�cance level �:

1. To test the null hypothesis

H0 : �x � �y = D0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y > D0
the decision rule is as follows

Reject H0 if :
�d�D0
sd=
p
n
> tn�1;�
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2. To test the null hypothesis

H0 : �x � �y = D0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y < D0
the decision rule is as follows

Reject H0 if :
�d�D0
sd=
p
n
< �tn�1;�

3. To test the null hypothesis

H0 : �x � �y = D0
3
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against the two-sides alternative

H1 : �x � �y 6= D0
the decision rule is as follows

Reject H0 if :
�d�D0
sd=
p
n
< �tn�1;�=2

or
�d�D0
sd=
p
n
> tn�1;�=2

where tn�1;� is the number for which

P (tn�1 > tn�1;�) = �
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� Örnek: 10 ürün için 2 farkl¬reklam izleyicilere
seyrettirilmi̧s, 24 saat sonra ise reklamlar¬n içer-
i¼gi sorulmu̧stur. Reklamlar �çok hat¬rlanan�ve
�az hat¬rlanan�diye kategorize edilmi̧s, bu iki grup
içinde izleyicilerin reklam esnas¬ndaki beyin ak-
tivite miktarlar¬bir indeks yard¬m¬yla a̧sa¼g¬daki
gibi ölçülmü̧stür. Populasyonlardaki ortalama
beyin aktivite miktarlar¬n¬n birbirine ȩsit oldu¼gu
null hipotezini alternatif hipotez olan çok hat¬r-
lanan reklamlar için ortalama daha fazla beyin
aktivitisi oldu¼gu alternatif hipotezine kaŗs¬%5
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ve %2.5 önem derecesinde test edelim
i xi yi di d2i
1 137 53 84 7,056
2 135 114 21 441
3 83 81 2 4
4 125 86 39 1,521
5 47 34 13 169
6 46 66 -20 400
7 114 89 25 625
8 157 113 44 1,936
9 57 88 -31 961
10 144 111 33 1,089

Toplam 210 14,202
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Örneklem ortalamas¬

�d =

nP
i=1
di

n
=
210

10
= 21

ve örneklem varyasyonu

s2 =

nP
i=1
d2i � n �d

2

n� 1 =
14; 2022 � 10 � 212

9
= 1; 088

ve standart sapmas¬

s =
p
1; 0886 = 32:98
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�Biz a̧sa¼g¬daki hipotezi

H0 : �x � �y = 0
şu alternetif hipoteze göre test etmek istiyoruz

H1 : �x � �y > 0
�H0�¬H1�a kaŗs¬reddetmek için karar kural¬nda
kullan¬lmak üzere

�d�D0
s=
p
n
=

21� 0
32:98=

p
10
= 2:014

�Şimdi %5 ve %2.5 önem derecesinde testimizi
yapal¬m. Student-t da¼g¬l¬m¬ndan bu önemdere-
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celerine denk gelen n-1=10-1=9 serbestlik dere-
celi için de¼gerler

t9;:05 = 1:833 and t9;:025 = 2:262

bizim buldu¼gumuz de¼ger olan 2.014 de¼geri %5
önemderecesi de¼geri olan 1.833�den büyük oldu¼gu
için hipotezimizi bu önemderecesinde reddediyor,
%2.5 önemderecesi de¼geri olan 2.262�den küçük
oldu¼gu için hipotezimizi %2.5 önemderecesinde
reddedemiyoruz
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Tests of the Di¤erence Between Population Means: Indepen-
dent Samples (Known Variances)

� Suppose nx observation are drawn from a popu-
lation with mean �X and variance �

2
X , and ny

observation are drawn from a population with
mean �Y and variance �2Y , let the respective
sample means are �x and �y, then the following
random variable has a standard normal distrib-
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ution

Z = (�x� �y) = (�x� �y)� (�X � �Y )s
�2x
nx
+
�2Y
ny

and the following tests have a signi�cance level
�:

1. To test the null hypothesis

H0 : �x � �y = D0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y > D0
12
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the decision rule is as follows

Reject H0 if :
�x� �y �D0s
�2x
nx
+
�2Y
ny

> z�

2. To test the null hypothesis

H0 : �x � �y = D0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y < D0
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the decision rule is as follows

Reject H0 if :
�x� �y �D0s
�2x
nx
+
�2Y
ny

< �z�

3. To test the null hypothesis

H0 : �x � �y = 0
against the two-sided alternative

H1 : �x � �y 6= D0
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the decision rule is as follows

Reject H0 if :
�x� �y �D0s
�2x
nx
+
�2Y
ny

< �z�=2

or
�x� �y �D0s
�2x
nx
+
�2Y
ny

> z�=2
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� Örnek: ·I̧syerlerinde kad¬n ve erkeklere verilen i̧s
yükleri aras¬nda fark olup olmad¬¼g¬n¬n ara̧st¬r¬l-
mas¬nda, gözlemcilere �kirlerini 5 (çok fark var)�dan
1 (fark yok)�a kadar bir ölçekte belirtmeleri isten-
mmi̧stir.186 erkek gözlemcinin ortalamas¬4.059,
172 kad¬n gözlemcinin ortalamas¬ da 3.680 ol-
mu̧stur. Önceki y¬llardan populasyon standart
sapmalar¬n¬nda s¬ras¬yla 0.839 ve 0.966 oldu¼gu
bilinmektedir. Örneklemlerin seçildi¼gi kad¬n ve
erkek gözlemci populasyonlar¬n¬n de¼gerlendirme
ortalamalar¬n¬n ȩsit oldu¼gu null hipotezini, al-
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ternatif hipotez olan erkek gözlemcilerinn ortala-
mas¬n¬n fazla oldu¼gu hipotezine kaŗs¬test ediniz
%1 önem derecesinde test ediniz.

�Biz a̧sa¼g¬daki hipotezi (e¼ger erkekleri x, kad¬n-
lar¬y ile gösterirsek)

H0 : �x � �y = 0
şu alternetif hipoteze göre test etmek istiyoruz

H1 : �x � �y > 0
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�H0�¬H1�a kaŗs¬reddetmek için kullanaca¼g¬m¬z
karar kural¬ise:

�x� �ys
�2x
nx
+
�2Y
ny

> z�
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� Verilenler: �x = 4:059 nx = 186 �x =
:839 �y = 3:680 ny = 172 �y = :966

�x� �ys
�2x
nx
+
�2Y
ny

> z� =
4:059� 3:680r
:8392

186
+
:9662

172

= 3:95 > z0:01 = 2:33 ise test reddedilir
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Tests of the Di¤erence between two Population Means: Inde-
pendent Samples, Unknown Population Variances Assumed to
be Equal

� Remember the case where we don�t know the
population variances of the independent popu-
lations. If these unknown variances are assumed
to be equal: �2x = �

2
y = �

2; then we can use sam-
ple variances, s2x = s

2
y, to estimate the common

population variance �2: The estimate is
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s2p =
(nx � 1)s2x + (ny � 1)s2y

nx + ny � 2
since we use sample standart deviations, we refer
to Student t-distributions

t =
(�x� �y)� (�X � �Y )s

s2p
nx
+
s2p
ny

and the following tests have a signi�cance level
�:
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1. To test the null hypothesis

H0 : �x � �y = 0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y > D0
the decision rule is as follows

Reject H0 if :
�x� �y �D0

s

r
nx + ny
nxny

> tnx+ny�2;�
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2. To test the null hypothesis

H0 : �x � �y = D0 or H0 : �x � �y � D0
against the alternative

H1 : �x � �y < D0
the decision rule is as follows

Reject H0 if :
�x� �y �D0

s

r
nx + ny
nxny

< �tnx+ny�2;�
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3. To test the null hypothesis

H0 : �x � �y = D0
against the two-sided alternative

H1 : �x � �y 6= D0
the decision rule is as follows

25
Ozan Eksi, TOBB-ETU



Reject H0 if :
�x� �y �D0

s

r
nx + ny
nxny

< �tnx;ny�2;�

or
�x� �y �D0

s

r
nx + ny
nxny

> tnx+ny�2;�

P (tnx;ny�2;� > tnx;ny�2;�) = �
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� Örnek: Moderatörlerin, yönettikleri gruplarda
ortaya ç¬kan �kirlerin say¬s¬na etkisini inceleyen
bir çal¬̧smada, 4 ki̧silik moderatörlü ve moder-
atörsüz gruplar seçilmi̧stir. Moderatörlü gruplar-
daki ortaya ç¬kan ortalama �kir say¬s¬78, (örnek-
lem) standart sapmas¬24.4�tür. Moderatörsüz
gruplardaki ortaya ç¬kan ortalama�kir say¬s¬63.5,
(örneklem) standart sapmas¬ 20.2.�dir. Popu-
lasyonlar¬n normal da¼g¬ld¬klar¬n¬ve varyanslar¬n¬n
ayn¬oldu¼gunu kabul edersek, populasyon orta-
lamalar¬n¬n ayn¬oldu¼gu null hipotezini moder-

27
Ozan Eksi, TOBB-ETU



atörlü grubun ortalamas¬n¬n daha fazla oldu¼gu
alternatif hipoteze kaŗs¬%10 önem derecesinde
test ediniz

�Biz a̧sa¼g¬daki hipotezi(e¼ger moderatörlü gru-
plar¬x, di¼gerlerini y ile gösterirsek)

H0 : �x � �y = 0
şu alternetif hipoteze göre test etmek istiyoruz

H1 : �x � �y > 0
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�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

Reject H0 if :
�x� �y �D0

s

r
nx + ny
nxny

> tnx+ny�2;�
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� Verilenler: �x = 78:0 nx = 4 sx =
24:4 �y = 63:5 ny = 4 sy = 20:2

� ·Iki grubun birbiriyle ayn¬olan populasyon stan-
dart sapmalar¬için bir tahminde bulunuyoruz

s2 =
(nx � 1)s2x + (ny � 1)s2y

nx + ny � 2
=
(3)24:42 + (3)20:22

4 + 4� 2
= 501:7

s =
p
501:7 = 22:4
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Şimdi ise tüm de¼gerleri karar kural¬nda kullan-
abilirirz

�x� �y

s

r
nx + ny
nxny

=
78� 63:5

22:4

r
8

16

= 0:915
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�Her biri 4 elamanl¬ iki örneklemimiz oldu¼gu
için, standart normal tablosundan %10�e denk
gelen student � t de¼geri için 4+4-2 de¼gerine
bak¬yoruz

tnx+ny�2;� = t6;:10 = 1:44

dolay¬s¬yla 0.915 bu say¬dan daha küçük oldu¼gun-
dan null hipotezini %10 önemdüzeyinde alter-
natif tek yönlü hipoteze göre reddedemiyoruz
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Tests of the Di¤erence between Two Population Proportions
(Large Samples)

� Remember the case where we were are interested
in the di¤erence between the proportion of suc-
cesses in two populations. The distribution of
the di¤erence of the proportion of successes in
two samples

Z =
(p̂X � p̂Y )� (PX � PY )s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny
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If we want to test the hypothesis that popula-
tion porportions are equal, we can assume that
common value for these proportions, P0

Z =
(p̂X � p̂Y )s

P0(1� P0)
nx

+
P0(1� P0)

ny

=
(p̂X � p̂Y )r

P0(1� P0)
nx + ny
nxny

this common value further can be estimated by

P̂0 =
nxp̂X + nyp̂Y
nx + ny

and the following tests have a signi�cance level
�:
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1. To test the null hypothesis

H0 : px � py = 0 or H0 : px � py � 0
against the alternative

H1 : px � py > 0
the decision rule is as follows

Reject H0 if :
(p̂X � p̂Y )r

P̂0(1� P̂0)
nx + ny
nxny

> z�

35
Ozan Eksi, TOBB-ETU



2. To test the null hypothesis

H0 : px � py = 0 or H0 : px � py � 0
against the alternative

H1 : px � py < 0
the decision rule is as follows

Reject H0 if :
(p̂X � p̂Y )r

P̂0(1� P̂0)
nx + ny
nxny

< �z�
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3. To test the null hypothesis

H0 : px � py = 0
against the two-sided alternative

H1 : px � py 6= 0
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the decision rule is as follows

Reject H0 if :
(p̂X � p̂Y )r

P̂0(1� P̂0)
nx + ny
nxny

< �z�=2

or
(p̂X � p̂Y )r

P̂0(1� P̂0)
nx + ny
nxny

> z�=2
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� Örnek: ·Ingiltere�deki magazin reklamlar¬ndan 203
tanesinin 52 tanesi esprili bir şekilde yaz¬lm¬̧st¬r.
Ba¼g¬ms¬z ba̧ska bir örneklem olan 270 elemanl¬
Amerika�daki magazin reklamlalar¬ndan ise 56
tanesi esprili yaz¬lm¬̧st¬r. Bu iki reklam popu-
lasyonlar¬ndaki esprili reklamoran¬n¬n ayn¬oldu¼gu
hipotezi, alternatif iki yönlü hipoteze kaŗs¬test
edildi¼gindeki p-de¼gerini bulunuz
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�Biz a̧sa¼g¬daki hipotezi

H0 : px � py = 0
şu alternetif hipoteze göre test etmek istiyoruz

H1 : px � py 6= 0

�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

(p̂X � p̂Y )r
P̂0(1� P̂0)

nx + ny
nxny

< �z�=2 or > z�=2
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�·Iki grubun populasyonlar¬için ortak standart
sapma bulmak için şu formulü kullan¬yoruz

P̂0 =
nxp̂X + nyp̂Y
nx + ny

�Soruda verilenler: nx = 203 p̂X = 52=203 =
:256 ny = 270 p̂X = 56=270 = :207;
dolay¬s¬yla

P̂0 =
nxp̂X + nyp̂Y
nx + ny

=
203 � :256 + 270 � :207

203 + 270
= :228
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(p̂X � p̂Y )r
P̂0(1� P̂0)

nx + ny
nxny

=
:256� :207r

:228 � :772 � 203 + 270
203 � 270

= 1:26
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� Standart normal tablosundan 1.26ya denk
gelen �=2 de¼geri (z�=2 = 1:26) ise 0.8962.
Dolay¬s¬yla bu çift yönlü testin p-de¼geri .2*(1-
0.8962)=2076�d¬r ve null hipotez olan popu-
lasyon ortalamalar¬n¬n ayn¬olmas¬hipotezi,
%20.76�dan büyük herhangi bir önem dere-
cesi ile reddedilebilir
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Tests of Equality of the Variances between Two Normally Dis-
tributed Populations

� In this section we develop a procedure for testing
the assumption that population variances from
independent samples are equal. To perform such
tests, we need to introduce F-distribution
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The F-Distribution

�We have two independent random samples with
nx and ny observations from two normal popu-
lations with variances �2x and �

2
y. If the samle

variances are s2x and s
2
y, then the random vari-

able

F =
s2x=�

2
x

s2y=�
2
y

has an F distribution with numerator degrees
of freedom (ny � 1) and denominator degrees of
freedom (ny � 1)
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� This test is quite sensitive to normality
�We denote the number for which

P (F�1;�2 > F�1;�2;�) = �

this is to say the probabilities for cut o¤ points
give the percentage of the data that in on the
right hand side of the distribution
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� Aç¬klay¬c¬Örnek: F da¼g¬l¬m tablolar¬her bir önem
derecesi için ayr¬ayr¬haz¬rlanm¬̧st¬r. Bunun se-
bebi ise F tablosuna bakmak istedi¼ginizde,

F =
s2x=�

2
x

s2y=�
2
y

bu formüldeki pay¬n serbestlik derecesini tablo-
nun kolonunda, paydan¬n serbestlik derecesini tablo-
nun sat¬r¬nda bulman¬z gerekti¼gidir. Dolay¬s¬yla
ayn¬tabloda bir de ayr¬ca önemderecesini görmek
mümkün olamamaktad¬r. Yani birden fazla tabloya
bakmam¬z gerekir
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�F-da¼g¬l¬m¬n¬n şekille göz atacak olursak

�Örne¼gin paydaki örneklemin 11 elemanl¬, pay-
dadaki örneklemin 21 elemanl¬oldu¼gunu varsa-
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yarsak, bunlar¬n serbestlik dereceleri 10 ve 20
olur ki bunlar için %5 kesim noktas¬bu sayfay¬
takip eden 2. sayfadaki F-tablosundan a̧sa¼g¬-
daki gibi bulunabilir

F10;20;:05 = 2:35

yani
P (F10;20 > 2:35) = :05
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� Aşa¼g¬da bahsediyor oldu¼gumuz testlerin mant¼g¬,
e¼ger bir örneklemn varyans¬di¼gerinden yeterince
fazla ise, populasyon varyanslar¬n¬n birbirine ȩsit
oldu¼gu hipotezin reddedilece¼gidir

�We have two independent random samples with
nx and ny observations from two normal popu-
lations with variances �2x and �

2
y. If the sample

variances are s2x and s
2
y, and if s

2
x is bigger than
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s2y, then remember that the random variable

F =
s2x=�

2
x

s2y=�
2
y

has an F distribution with numerator degrees
of freedom (ny � 1) and denominator degrees of
freedom (ny � 1). Then the following tests have
signi�cance level �
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1. To test the null hypothesis

H0 : �
2
x = �

2
Y or H0 : �

2
x � �2Y

against the alternative

H1 : �
2
x > �

2
Y

the decision rule is as follows

Reject H0 if :
s2x
s2y
> Fnx�1;ny�1;�
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2. To test the null hypothesis

H0 : �
2
x = �

2
Y

against the alternative

H1 : �
2
x 6= �2Y

the decision rule is as follows

Reject H0 if :
s2x
s2y
> Fnx�1;ny�1;�=2
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� Örnek: AAA kredi notuna sahip 17 hisse sene-
dinin getiri varyans¬123.35, CCC kredi notuna
sahip 11 hisse senedinin getiri varyans¬8.02 ise,
a̧sa¼g¬daki null hipotezini

H0 : �
2
x = �

2
Y

şu alternatif hipoteze göre %2 önem derecesinde
test ediniz

H1 : �
2
x 6= �2Y
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�H0�¬H1�a kaŗs¬ reddetmek için karar kural¬
(decision rule)

s2x
s2y
> Fnx�1;ny�1;�=2

�Soruda verilenler: nx = 17 s2x = 123:35 ny =

11 s2y = 8:02; dolay¬s¬yla

s2x
s2y
=
123:35

8:02
= 15:38
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�·Iki yönlü bir hipotezi %2 önem derecesinde
test etmek istersek, da¼g¬l¬m¬n her bir taraf¬n-
dan%1 ataca¼g¬m¬zdan; ayr¬ca pay¬n serbestlik
derecesi 16, paydan¬nki 10 oldu¼gundan

F16;10;:01 = 4:53

dolay¬s¬yla 15.38 de¼geri bu de¼gerden büyük
oldu¼gundan null hipotezini %2 önemdüzeyinde
reddediyoruz
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