CHAPTER 7: DISTRIBUTION OF SAMPLE STATISTICS
Sampling from a Population
o2 4, 6,6, 7, 8 sayilarindan olusan bir populasy-
onumuz olsun

e Bu sayilardan 3 elemanli bir 6rneklem (sample)
secebiliriz. Bu elemanlar da 2, 6, 7 olsun.

e Bu 3 saymin ortalamasi 5’tir.

¢ Ama populasyonumuzun ortalamasi 5.5tir.



e Orneklem secmeye devam edersek

Orneklem Ortalama

2.6, 7 5

2.7, 8 5.7
4,7.8 6.33
2. 4,7 4.33

, )

e Burada 3 elemanh orneklemlerin ortalamalarinin
ne kadar degisebilecegi (4.33, 5,..., 5.66) hakkinda
fikir sahibi olduk (distribution of sample means)



e Orneklem kullanmamn (sampling) ve 6rneklem
dagilimimi (sampling distribution) bulmanin en
onemli yararlarindan biri, ¢rneklemin secildigi
populasyonun dagilimi normal olsun ya da ol-
masin, orneklemin dagilimimin normal dagilima
yaklagtigidir (Central Limit Theorem). Dolayisiyla
bir ¢ok test 6rneklem dagilim tizerinde uygulan-
abilir



Sampling Distribution of Sample Means

e We denote population mean with 1, and popu-
lation variance with o2.

e Let’s denote a random sample from this popula-
tion by X, and the unknown elements of X by

X1, Xo, ..., X,



e The expectation of sample mean is defined as
tollows:

_ 1 N _
X =—> X, where E(X)=pu
ni—1
e Proof:
_ 1 N

This proof follows the fact that each unknown
observation has an expected mean of p



e The variance of sample mean is defined as:

_ 2 0'2
Var(X) = 0% = —
ar(X) X =
e Proof:
_ 1
U%—( = Var(X) = UCLT(E(Xl + Xo+ ... + X))
N A s
= (n) g:lal- = —5no" =

This proof follows the fact that the randomly
selected observations have zero covariance



e Central Limit Theorem: As n becomes large, the
distribution of
X — X —
z=""F1_
ox 0/ \/_
approaches the standard normal regardless of the

underlying probability distribution. That is

— 0'2

XNN(:uv_)

n

e Not 1: Genel olarak orneklem dagiliminin nor-
mal dagilima yaklasmasi icin en az 25 elemanh
olmalar1 gerektigi gibi bir kabul vardir
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e Not 2: Isledigimiz bu boliimde populasyon orta-
lama, ve varyansimin bilindigini kabul edip ¢rnek-
lem dagilimi hakkinda cikarim yapiyoruz.

— Gergekte—ve ileriki boliimlerde igleyecegimiz tizere—
isleyis bu durumun tam tersi oluyor. Elimizde
olan 6rneklemden populasyon parametreleri hakkinc
cikarim yapiliyor.
" Parameters are numbers that describe the prop-
erties of entire populations. Statistics are num-
bers that describe the properties of samples."



e Ornek: Bir isyerinde calisanlarm yillik maas artislar
ortalamasi %12.2, standart sapmasi %3.6 olan
normal bir dagilim gostermektedir. Bu calisan-
larindan 9 kisilik bir 6rneklem alindiginda, 6rnek-
lem ortalamasimn %14.4’ten fazla olma ihtimali
nedir?



e Verilenler: =122 o0c=36 n=9

N o 3.0 |9
oOv == ——= .
RV
14.4 — 12.2
P(144 < X) = P( 5 < Z)

— P(183< Z)=1— F(1.83) = 0.0336
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e The standard deviation of the distribution of X
decreases when sample size, n, increases

Fix) &

97 98 9 100 101 102 103
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o Law of large numbers: Central limit theorem
states that X ~ N(u,o2/n).

e Hence, as n become large, the mean of the sam-
ples, X, converges to the population mean, L.

e Ornek: Bir populasyonun dagilimimin (normal
olsun ya da olmasin) ortalamasi 5, standart sap-
mas1 da 2 olsun. Bu populasyondan secilen cesitli
biitiikliikteki rneklemlerin (n=10, n=25, n=50)
dagilima bakalim
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— Burada bize verilen; 4 = 5 ve 0 = 2. Simdi
tarkli elemanl 6rneklemlerin dagilimlarina bakalim

—Ifn =10, X ~ N(u,o?/n)

+= X ~N(522/10) = X ~ N(504)
—Ifn=25 X ~ N(u,o?/n)

x= X ~ N(52%/25) = X ~ N(5,0.16)
—Ifn =100, X ~ N(,0%/n)

x = X ~ N(522/100) = X ~ N(5,0.04)
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e Orneklemin eleman sayist arttikca orneklem or-
talamasinin varyasyonunun diistiigiinii gormenin
baska bir yolu ise bu orneklem dagilimlar: icin

data’min %95’ini iceren giiven araligina bakmak
olabilir

loweer X L..'|:l,'_'IE'r
limit firnit
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e Standart normal tablosundan datanin 0.975’ini
iceren 7 degerini bulabiliriz; bu da 1.96’dr.

e Eger n = 10 ise, datamin %95’ini iceren aralik

5—1.96%2/v10 < X < 54 1.96 % 2/v/10]
= [42< X <6.3
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e Figer n =25 ise,
5—1.96%2/v25 < X <5+ 1.96 % 2//25]
= [4.2< X <58
e Figer n = 100 ise,
5 —1.96 % 2/v/100 < X < 54 1.96 * 2/+/100]
= 4.6 < X <54

— Orneklemlerin eleman sayist arttikca, ornek-
lem ortalamasi giderek populasyon ortalamasi
etrafinda daha siki bir sekilde dagilmaktadir
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Sampling Distribution of Sample Proportions

*Bernoulli distribution

e Suppose there is a random experiment takes the
value 1 with probability PP and the value 0 with
probability (1—P). And suppose this experiment
is conducted only once (a single trial). Then we
say that the resulting random variable X has a
Bernoulli distribution where

flz;P)=P*(1—P)'™" forz=0,1
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or

P itxr=1
f(x5p)_{1—13 ifa;:O}

e Then the mean in
EX)=1(P)+01—-P)=P
e The variance is

0% = (0= P)*(1—P)+(1—P)*(P) = P(1— P)
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*The Binomial Distribution

e Suppose there is a random experiment takes the
value 1 with probability P and the value 0 with
probability (1—P). And suppose this experiment
is conducted n times . Then we say that the total
number of successes X is random variable that
follows the Binomial Distribution
P(x;n, P) = (n

x

19
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e Ex: Havaya atilan bir madeni para sonucunda
Yaz1 gelmesini bagari olarak adlandiralim ve para
3 kez havaya atildiginda toplam kac kez Yaz
gelebileceginin ihtimallerine bakalim. Sirasiyla
0, 1, 2 veya 3 kez gelebilir:
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P(0;3,0.8) (3)0501—0@ = 0.125
3 1

P(1;3,0.8) (1)05 (1—0.5)* = 0.375
3 2

P(2:3,0.8) (2)05 (1—0.5) =0.375
3 3

P(3;3,0.8) (3>05 (1-0.5)"=0.125

which sums up to 1.
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e If each trial is called X;, and if trials are repeated
n times, the total number of successes is

X=X +Xo+.. Xy
e The mean of X is
EX)=FEX]+ X9+ .. Xy)=nP
e The variance of the binomial distribution is
Var(X)=Var(X1+ X9+ .. Xy)
=nVar(Xi)=nP(1 - P)
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Sample Proportion

e et X be the number of successes in a binomial
sample of n observations and P probability of
success for each of these observations.

e Then the proportion of successes (basar: orans)

A X
Pr = —
n

in the sample is called the sample proportion
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X

e The mean of p, = — is
n
R X E(X) nP
E(ps) = B(>) = 22X 08 p
n n n
e The variance of p, is
A X Var(X
Var(py) = Var(—) = g )
n n
- nP(1-P) P(1-P)
n? B n
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e The standard deviation of p, is

- \/P(ln— P)

e If the sample size is large, then the following sta-
tistics is distributed approximately as standard
normal
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e Ogrenciler arasinda yapilan bir arastirmaya gore
ahlak dersinin 6grencilerin davranislar: {izerinde
olumlu etki yarattigina inananlarin oram %43’tiir.
Bu 6grenciler icerisinden rastgele secilen 80 kisi-
lik bir gruptakilerin yarisindan fazlasinin bu goriiste
olma olasiligl nedir?
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= 0.43 % 0.57
aﬁ:\/p( p):\/ 2 0.055
n 80

— Aradigimiz ihtimal
a5 P ) P

Ip

P(-5<ﬁx>:P(

Ip

0 — .43
095

= P( <Z)=P(l21 < Z)

—1— Fy(1.27) = 1 — .8980 = .1020
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e Ornek: Bir bolgedeki insanlarm %20’sinin A par-
tisine oy veriyor oldugunu diisiinelim. Buradan
secilecek 270 tane kisinin %16 ila %24 arasinda
olan oraninin A partisine oy verme olasiligi kactir?

— Burada bize verilenler P = 0.2 ve n = 270.
Dolayisiyla

P(l—P 2% 0.
aA:\/ ( >=\/0 0.8 _ ) 24

p n 270
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— Aradigimiz ihtimal ise
P(.16 < pg < .24)

16 — 0.2 24 — 0.2
= P < /<
( 0.024 0.024 )

= P(—1.67 < Z < 1.67) = F(1.67)—F(—1.67)
— F(1.67) — [1 — F(1.67)]

— 9525 — (1 — .9525) = .9050
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Sampling Distribution of Sample Variances

e Let the population variance is given as
2 2
0" = E|(X — p)7

e And the sample variance
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e To analyze whether the sample variance is a good
approximation to the population variance, we
will need both expected value of the sample vari-
ance, and also its variance
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e Let’s denote the random sample by X, and its
unknown elements by X1, Xo, ..., X,,. The sam-
ple variance is defined as follows

1 n B
2 2
S n 1@2( (/ )

e We already know that
E(s%) = o?
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e If we rearrange the last two equations, we obtain
the following random variable

n

R Ve
o2 T

5 _

o 2

which, under the assumption of normally distrib-
utes population, has a y? (chi-square) distribu-
tion with n — 1 degrees of freedom

o
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e We denote the y? distribution with v degrees of
freedom by x2. And the mean and variance of
this distribution are

E(x2)=v and Var(y?) =2v

34



e As our random variable (n — 1)s?/0? has a dis-
tributed with X%n—l)’ its mean and the variance

can be written as

n — 82
B = )
n — 82
Varl" =5 o — 1)
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— Using

(n—1)s
B = -y
we obtain
E(s?) = o?
— Using
—1)g2
Var[(n 5 )s | =2(n—-1)
o
we obtain
9 4
Var(s?) = i

(n—1)
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e Ornek: Uretilen bir malin dayanim siiresi normal
bir dagilima sahip olup, 3.6 oraninda standart
sapmaya sahiptir. Bu mallardan 4 elemanli rast-
gele bir 6rneklem secilirse, bu 6rneklemin dayanim
stiresinin varyasyonunun 30’dan biiyiik olma ih-

timali kactir?
— Cevap

P(s* > 30) =

— P(Xg >

n — 82 n —
=1t Bin -1
Vx5 P2 > 6.94)

3.62
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e Chi-square tablosunda 3 serbestlik dereceli bir
dagilim icin 6.94’1 kapsayacak iki deger 6.25 ve
7.81’dir. Bunlarin karsihigi ise

P(x3>625)=.1  P(x3>781)=.05
dolayisiyla tekrar aradigimiz ihtimal

0.05 < P(s? > 30) < .10
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For selected probabilities @, the table shows the values y3. such that @ = P(x." = xia), where y.' is a chi-square random variuble
with v degrees of freedom. For example, the probability is .100 that a chi-square random variable with 10 degrees of freedom is
greater than 15.5%,

595 990 975 950 00 100 050 025 010 05
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2 QL0100 k201 00504 0,103 021 4.61 5549 T.38 Q.21 10.R3
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4 0.207 0:297 0,434 0711 1.054 1% B4y 1114 1338 14.85
5 0412 0.554 0:831 1145 141 924 1107 12.83 15.09 16.75
6 0.676 0872 124 1.64 220 10.64 12.5% 14.43 16,51 18.55
i 0,984 1. 1469 17 .83 1202 1407 L6 1848 2028
8 1.34 165 LIE 273 349 1336 15.51 17.53 200 1146
y 1 0% 170 333 417 1468 16.92 19 1167 13159
10 216 1.56 3.5 344 447 1599 1831 HL4% 1321 25.19
il 260 305 382 457 5.53 1128 1968 2192 473 26.76
12 340 357 440 5.23 630 18.55 2103 1M 36,21 24,30
13 357 4.11 5 380 104 1581 2334 24,74 27469 082
14 4 466 563 6.57 779 106 1268 26,02 2914 TR
15 460 5.23 .26 7.26 855 nn 25.00 77,49 a.5u 2.8
16 5,14 581 .91 796 931 254 26,30 %35 32,00 £
17 570 641 156 567 10,08 24.77 2759 k19 1341 3592
1% 626 Tl B.23 934 10,86 2509 AT 3153 XR1 kAL
19 634 T3 B0l 1012 11.65 .20 .14 245 36.19 455
) 743 .20 b 3% 1085 1244 2wl 1141 34,07 X157 4000
21 803 2,90 0 1159 1324 2942 1267 3548 3503 4140
n 564 9.54 10.98 123 1404 081 E 3678 40,20 4LA0
2 926 10,20 1069 1809 1455 320 317 3808 4164 4418
24 8% 1R 240 1388 13.66 5.0 3642 3936 429 4554
25 052 11.52 13,12 14.61 1647 3438 3765 AlLGS 44,31 A6.93
16 1.6 1220 13.84 15.3% 17.29 1536 38EY 4192 45,64 4839
Y 118l 1288 1457 1615 1811 36,74 ET 4319 6.5 49,64
2 12,46 1336 1531 1653 18.54 37,92 4134 43.46 4828 s
29 1312 14,26 1605 1771 19.77 ELAL 4256 4572 4050 513
£ 13,70 1495 16.7% 18.49 2080 0,26 4377 46se 50.8% 5347
40 2071 216 14.43 w51 39 a8 S1A1 55.76 5634 6364 6677
30 1799 271 3236 3476 .40 8317 £7.50 TrA2 76,15 70499
&0 1533 37.4% 40.48 4319 6,46 T4AL THIR 330 B35




e Ornek: Cips paketlerinin agirhginm normal dagilima
sahip oldugu varsayilirsa, 20 tane rastgele secilen
paket icin agsagidaki ihtimali saglayan K’y1 bu-

lalim

g2

o
*Burada rneklem varyasyonunun popiilasyon varyasy-

onuna oranminin /& veya daha kiiciik olma ihtimali
705 olarak taniumlaniyor.
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— Aradigimiz ihtimal asagidaki sekilde yazilabilir

0.05 = P(S—2 < i) = p(™ _21>32

o2

< (n—1)K)

o

0.05 = P(X%n_l) < (n—1K)
0.05 = P(x%y < 19K)
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Chi-square tablosundan 19 serbestlik dereceli
bir chi-square dagilimi icin

19K =10.12 = K =0.533

Orneklem varyasyonunun popiilasyon varyasy-
onunun %53 tinden kiiciik olma ihtimali %5’dir
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