CHAPTER 8: CONFIDENCE INTERVAL ESTIMATION:
ONE POPULATION

Point Estimators vs. Interval Estimators

e A point estimator of a population parameter is
a function of the sample information that yields
a single number

e An interval estimator of a population parame-
ter is a function of the sample information that
yields a range, or interval, in which the parame-
ter is likely to fall



Properties of Point Estimators

Unbiased Estimators and Their Efficiency

e The estimator 6 is said to be an unbiased es-
timator of the parameter 0 if the mean of the
sampling distribution of 6 is 6:

E0) =0
That is to say if the sampling prosedure is re-
peated many times, then on the average the value
obtained for an unbiased estimator will be equal
to the population parameter
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e For ex. in the case that F(z) = p and E(s?) =
o2, we say that the sample mean and variance
is unbiased (point) estimators of the population

mean and variance

o If F(0) + 0, then we say that 0 is a biased esti-
mator of 8 and the bias can be found as

AN

Bias(d) = E(0) — 6



o Let 91A and @2 be two unbiased estimators of 6.
Then 6 is said to be more efficient than 6o if

Var(@l) < Var(@g)
and the relative efficiencies of estimators:
Var(ég)
Var(@l)

Relative ef ficiency =



e Ornek: X1, X, ..., X,,, ortalamalasi 1 ve varyasy-
onu o2 olan bir normal dagilimdan rastgele secilmis
bir 6rneklemin elemanlar: olsun

— Orneklem ortalamas: populasyon ortalamasinin
yansiz tahmin edicisidir, ve varyasonu da agagi-
daki gibi bulunur

— 0'2

Var(X) = —



— Orneklem medyan: da populasyon ortalamasimimn
yansiz tahmin edicisidir, ve varyasyonu da su
sekilde bulunur

T o’ o’

Var(Median) = 5= — 157
n n

— Bu iki tahmin edici karsilastirildiginda ise or-
talama daha etkin cikacaktir

Var(Median)

_ = 1.57
Var(X)

Relative ef ficiency =



e Sonuc olarak hem ortalama hem medyan beklen-
tisel olarak populasyon ortalamasim verseler de,
ortalama populasyoin ortalamasimin daha etkin
bir tahmin edicisidir. Medyanin ortalama ile aym
varyansl vermesi icin %57 daha fazla data kullan-
masi lazimdir

_ o?
Var(X)=— = 1.57T— = Var(Median)

ni 12
= n9 = 1.57"ny



o If 0 is an unbiased estimator of the parameter
6, and no other estimator has smaller variance,
then 0 is said to be the most efficient of minimum
variance unbiased estimator of 6



Choice of Point Estimator

e Elven though unbiasedness is a desirable prop-
erty, an estimator giving small bias with small
variance may be more desirable than an unbi-
ased estimator with high variance. As a result
we need a measure to choose among estimators.



e One measure of the expected closeness of an es-
timator 6 to a parameter 6 is its mean squared
error

MSE() = E[(6 — 0)°
and i1t can be shown that

MSE(®) = Var(0) + [Bias(d)?)

which takes into account both the variance and
the biasedness of an estimator
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e Ornek: Xj ve X, ortalamasi j, ve varyansi o2

olan bir populasyona ait 2 rassal gozlem olsun-
lar. Asagidakiler de 1’ niin nokta tahmin edici-
leri olsunlar

1 1 1 3 1 2
= X |+-X = X |+-X = X |+-X
1 5 1+2 2 9 1 1+4 2 3 3 1+3 9

a-) Her bir tahmin edicinin yansiz tahmin edici (un-
biased estimator) oldugunu gésteriniz

b-) Bunlardan hangisi en etkin tahmin edicidir?
c-) X; tahmin edicisinin diger iki tahmin ediciye
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gore goreli etkinligini (relative efficiency) bulunuz

Cevap: a-)
Bias(py) = E(p) — p = E(%XH + %X2) —

= %E(Xl)—F%E(XQ) —u=%u+%u—u=0
Bias(ins) = Elpa) — p = E(X1 +3X0) —

= lE(X1)+§E(X2) —u=1u+§u—u=0

4 4 4 4
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. 1 2
Bias(puz) = E(pg) — p = E(5X1 +5X2) — p

= B(X1) + 2B(Xg) —pu=gptop—p=0
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b-) X; ve Xy rassal olduklarindan aralarindaki
covaryansi 0 kabul edersek

1 1
Var(u) = Var(§X1 + §X2)
1

1 1
= ZVCLT(Xl) + ZV&T(XQ) = 502

1 3
Var(-X - X
Gﬂ“(4 1+ 2)
9 5

1
= 1—6Va7°(X1) +- 1—6Va7“(X2) = §02

Var(ug)
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1 2
Var(ug) = Var(=X1 + =X9)

3 3
1 4 5
= §VCL7“(X1) + §Va7“(X2) = 502
c-)
5 2
Relative ef ficiency = Var(ps) = [8o _ 1.25
Var(u)  1/202
1% 5/902
Relative ef ficiency = ar(yis) = [P0~ _ 1.11
Var(u)  1/202
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Interval Estimation

e An interval estimator of a population parameter
is a rule for determining a range, or interval, in
which the parameter is likely to fall. The corre-
sponding estimate is called an interval estimate

e Ornek: Farzedelim ki rassal bir érneklem kulla-
narak populasyon parametresi olan #’y1 tahmin
etmeye calisiyoruz. Bu rassal érneklemden bul-
maya calisacagimiz 2 tane rassal degisken A ve
B 6yle olsun ki

P(A<6<B)=.9
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burada 6’nin %90 ihtimalle icinde bulunacag ar-
alig1 bulmaya calisiyoruz. A ile B arasindaki ar-
alik giiven araligi tahmin edicisi (confidence in-
terval estimator) diye adlandirilir.
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e If there are two random variables such that
P(A<f0<B)=1-«

and a and b are specific realizations of A and B,
then

— the interval from a to b is called the 100(1 —
«)% confience interval of 6

— the quantity 100(1 — a)% is called the confi-
dence level of the interval
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Confidence Interval Estimation for the Mean of a Normal Dis-
tribution: Population Variance Known

e Ornek: Ortalamasi p, standart sapmasi o olan
normal dagilima sahip bir populasyondan n ele-
manh bir X orneklemi secip bununla populasy-
onun ortalamasim aralik tahmini ile bulmak is-
tersek;

e %090’ik giiven araligi bulmak isteyelim. Bu du-
rumda iki kenardan da %5’lik boliimii atiyoruz

e Sag taraftan attigimizda ilgilendigimiz Z degerinin
1.645 oldugunu, sol taraftan attigimizda ise bunun
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simetrigi olan —1.645 olacagim bulabiliriz

frlz} &

_\

FIGURE 8.1 P(—1.645 < 7 < 1.645) = 90, where Z is
a standard normal random variable

Z
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o Artik Z degerleri kullamlarak X dagilimdaki %90
giiven araligr bulunabilir

e Oncelikle bu orneklem dagilinin standart nor-
male su sekilde cevrildigini hatirlayalim

a’;_

Z= i
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e Dolayisiyla

0.90 = P(—1.645 < Z < 1.645)
T —

o/y/n

1.6450 1.6450

<T—Uu<<
Jn VRS TUR

1.6450 1.6450

< U<+
NN

—1.645 < < 1.645

:C_
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e Ornek: Standart sapmasi 6 olan bir normal dagilim-
dan secilmis 16 elemanli bir ¢rneklemin ortala-
mas1 25 ise populasyon ortalamasimin %90 giiven
araligin1 bulalim
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e Verilenler: =25 =6 n =16

— %90 giiven araligi
1.6450 1.6450

< U <xT+
Jn o EStT TR

X

dolayisiyla
1.645 % 6 1.645 % 6

25 < <25+
N V16

son olarak
22.0 < pu < 275

24



e Giiven araligi 6rneklemin ortalamasi kullanmilarak
hesaplanir. Dolayisiyla farkli érneklemler kul-
lanildiginda (p) icin asagidaki gibi giiven aralik-
lar1 elde edilebilecektir

)
(b} Seme 90% confidence intervals for the population mean
FIGURE 8.2 Interpretation of a 90% confidence interval
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e Goriildiigii gibi bu giiven araliklarinin ¢cogu (yeter-
ince tekrarlandiklarinda %90’1) p’yii icermekte-

dir

e Giiven araliklarinin genel sekli

ozl A

_\,\%

NY

T Zaf2 0 Z a2

FIGURE S84 P(—z,, <Z <z =1—a whereZisa
standard normal random variable
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e %90 un disinda en ¢ok kullanilan giiven araliklar
%95 ve %99’dur

e Bunlar icin « degerleri sirasiyla %5 ve %1

e 2 degerleri ise

F(24/2) = F(20.025) = 1.96
F(249) = F(20.005) = 2.575
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o Ornek: Ufak toz seker paketlerinin agirhgimin
normal dagildiginmi ve standart sapmalarmin 1.2
or oldugunu kabul edelim. Rassal bir sekilde
secilmis 25 tane seker paketinin ortalama agir-
hgmm 19.8 gr olsun. Uretilen tiim toz seker
paketlerinin ortalama agirhig: icin %95 giiven ar-
aligii bulunuz

— Soruda verilenler: £ =19.8 o0 =1.2 n =25
— Ayrica: 100(1 — a) =0.95 = a=0.05
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— Bu ise kenarlardan %2.5’lik bir kisim atmayi
gerektirir

F(zpos) = .97 = 2z =1.96

— Dolayisiyla populasyon ortalamasi p/'nin %95
giiven araligi

ZO(/2O- Z&/QO'

< U <xT+
Jn M STTTR

1.96 - 1.2 1.96 - 1.2
19.8 — < <19.8+
V25

V25
19.33 < u < 20.27

:E_
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— Eger bu giiven araligi tizerinde sorudaki veri-
lerin degisiminin etkisini incelersek

) n=25c=12,1-a=.95 ,
1 '?..33 19.80 20.27

n=64,6=121-u=95
19.51 19.80 20.09

L n=250=20,1-a="95 :
1202 19.80 20.58

, n=250=121-0=99 ,
19.18 19.80 20.42
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Confidence Interval Estimation for the Mean of a Normal Dis-
tribution: Population Variance Unknown: The t Distribution

e For a random sample from a normal pupulation
with mean 1 and variance o2, the random vari-
able X has a normal distribution with mean p
and variance 0% /n; i.e.

X
NG

has the standard normal distribution.
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e But if 0 is unknown, usually sample estimate is
used;

X —
In this case the random varlable t follows the

Student’s t distribution with (n — 1) degrees of
freedom

=
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e A random variable having the Student’s t distri-
bution with v degrees of freedom will be denoted
ty. Then t, o is the number for which

P(ty > ty)a) = X
Fin) A |

o
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TABLE 6 Cutolf points for the Student’s ¢ distribution

4

¥, O
For selected probabilities, g, the table shows the values t., such that Pir, > r..) = &, where I 15 a
Student s f random variable with v degrees of freedom, For example, the probability is (10 that & Student’s
i random variable with 10 degress of freedom exceeds 1,372,

100 050 025 030 {105

I 3078 6.314 12,706 31821 63,657
2 1.886 2,920 4.303 6565 v.925
3 1.633 2353 1182 4541 5841
4 1.533 2132 2776 3747 4604
5 147 2015 2571 1365 4.032
6 I 15943 1447 3.143 a7
7 1415 1,895 2365 2.958 1499
& 1.397 186D 2306 2,596 3.355
9 1.383 1.E33 2262 2421 3250
] 1372 1512 2224 2764 3169
11 1363 1.7%6 2.201 2718 1106
12 1.356 1.782 2179 2.681 3.085
13 1.350 L1771 2,160 2650 302
14 1345 1.761 2145 2624 2977
15 1.341 1.753 2131 2602 2947
16 1337 1746 2120 2583 2921
17 1.333 1740 10 2567 2808
1% 1330 1734 2.1m 2,552 2878
19 1328 1.729 2093 255 2.861
20 1.325 1.725 20186 2528 2845
| 1323 1.721 2080 2.518 2831
2 1.321 1717 2074 2508 2819
23 1319 1,714 2,068 2500 2907
24 1.318 L71 2064 2492 2797
25 1316 1.708 2,060 2,485 2787
26 1.315 L6 34 205 2479 2779
27 1314 1703 2052 2473 2071
28 1313 1701 2048 1467 2763
24 1311 L6589 7 s s e



e A 100(1 — )% confidence interval for the popu-
lation mean, variance unknown, given by

by — 104/2\/—

Sy
<P Tty g ap0%——

/n
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e Ornek: Rassal bir sekilde secilmis 6 arabanin ga-
lon/mil cinsinden yakit tiiketimlerisu sekildedir:
18.6, 18.4, 19.2, 20.8, 19.4 ve 20.5. Eger bu ara-
balarin secildigi populasyona ait arabalarin yakit
tilkketimi normal dagiliyorsa, bu populasyonun
ortalama yakit tiiketimi icin %90 giiven araligim
bulunuz

— Populasyon varyansi verilmediginden 6nce 6rnek-
lem varyansini hesaplayip ¢nceki sayfadaki for-
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miilii kullanabiliriz. Orneklem varyans icin

18.6  345.96
184 338.56
19.2  368.64
20.8 432.64
194 376.36

20.5 420.25
Sums 116.9 2,282

Sy O I W DN == .
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e Dolayisyla ¢rneklem ortalamasi

Zmz

p—i=l 109 g5
n §
orneklem varyansi
- 2 N~ 2 2
, AT AT e 1052
B n—1 - on-—-1 D )

ve standart sapmasi

Sy = V.96 = .98
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e Aradigimiz giiven aralig

g nlaj2*de o Inlaj2¥Se
/n K N

where n =06 «/2=.10/2=.05 = t5 5=
2.015

2.015 % .93 2.015 % .03
1948 — 20 F I8 g4 22T
V6

V6

dolayisiyla

18.67 < < 20.29
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e Ornek: Bir sektordeki sirket birlesmelerinin sir-
ket kérlarina etkisi incelendiginde, 6rneklem olarak
secilmis 17 tane birlesmis sirketin karhligimin artisinin
ortalamasi %17, standart sapmasi da .440 olmus-
tur. Toplam sirket populasyonunun karhhgimnin
normal dagildigini varsayarsak, bu dagilimin or-
talamasi icin %95 giiven araligi nedir?
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N tn—l,oz/Z * Sy B tn—lja/Q * Sy
T — < pu<T+

Vn Vn
where n =17  «/2=.05 t15 25 = 2.12
105 — 2.12 % .44 < 1< 105+ 2.12 % .44
V1T V1T

—.121 < pu < .331
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e Farkli giiven araliklarimin sonucu ise agsagidaki
gibidir. Bu sayilar1 ¢cikarmaya calisarak alistirma
yapabilirsiniz

BO% Conlidence interval

p—

1 B.IB? 19.48 20.07

. 90% Confidence interval ,
18.67 19.48 20.2¢9

. 95% Confidence interval ,
18.45 19.48 20.51

. 99% Conlfidence interval .
l?.'E-? 19.48 21.09
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Confidence Interval Estimation for Population Proportion (Large
Samples)

¢ Bir populasyondan secilecek n elemanli bir 6rnek-
lemdeki basari ya da tekrar olayim p, ile, popu-
lasyondaki bagar1 ihtimalini de P ile gosterdigimizde,
asagidaki rassal degiskenin standart normal dagila-
cagindan bahsetmistik

O p n

5 — E(p P1-P
7 - PZEP) ere BG) = P, 02_\/ U=P)
p
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e Eger yukarida P bilinmez ve 6rneklem sayis1 yeter-
ince fazla ise (n-p- (1 —p) > 5), yaklagik olarak
saglanacak su esitlik kullanilir

\/P<1 -P) wa(l — )

ve asagidaki degiskenin de standart normal dagildig:
kabul edilir

P

7 = D —
VP —p)/n




e 100(1 — a)% comfidence interval for the popula-
tion proportion can be obtained as

I —a=P(=2,/90 < Z < zy0)
p—P
. < — = <z 2)
-
which finally implies that

= P(—

AN AN

. pl —p . pl —p
p—za/Q\/( )<P<p+za/2\/< =

n n
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o Ornek: Sirketlere eleman almu icin yeni mezun
olmus oOgrencilerle goriisen 142 Kkisiye, Ggrenci-
lerinin notlarimin ise alimlarinda ne derece etkili
oldugu sorulmustur. 87 tanesi cok énemli oldugunu
belirtmigtir. Aym soru benzer igi yapan tiim
kisilere sorulsa (populasyon), bu 87 kigiyle ayni
sekilde diigiinenlerin oranimn %95 giiven araligin
hesaplayiniz
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— Kullanacagimiz formiil

—— TR
P \/px( br) _p br s \/p( p)

n n

—p=_87/142= 613 2,9 =202 = 1.96

613 % .387 613 * .2
613—1.96 P < .613+1.96
\/ 142 =TS " \/ 142

D033 < P < .693
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e Ornek: 344 kisilik bir orneklemde, 83 kisi bir
soruya evet cevabim vermistir. Populasyondaki
insanlarin tiimiine bu soru sorulsa evet cevabi
verenlerin yiizdesini icerebilecek %90 giiven ar-
aligii bulunuz
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e Kullanacagimiz formidil

. pl —p . pl—p
px—za/Q\/< ><P<p+z&/2\/< )

n i

o p=83/344 = .241 Zoj2 = 205 = 1.645

241 % .759 241 x .7
241—1. P < 241+1.64
241 1645\/ 1 < P < + 65\/ 1

203 < P < .279
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— Asagidaki farkl giiven araliklarinin sonucunu
kendiniz cikarmay1 deneyebilirsiniz

80% Caonfidence interval

21 241 271

, 90% Confidence interval .
203 241 279

95% Confidence interval .

196 241 .286

. 99% Confidence interval |
N é? 241 L300
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Confidence Interval Estimation for the Variance of a Normal
Distribution

e As we have seen before, if a random sample of n
observations from a normally distributed popu-
lation with variance o2 and sample variance s
is taken, the random variable

9 (n — 1)82

Xn—1~= 2

follows a x? (chi-square) distribution with n — 1
degrees of freedom.
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e Let’s we define X%—l ., as the number for which

2 2
P<Xn—1 > Xn—l,a) —

it can also be shown by the following figure

flyy) M

S Fehi

L . >
1ia xe

FIGURE 8.11 Piy. > y..) = a, where y. is a chi-square
random variable with v degrees of freedom
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e Ornek: 6 serbestlik derecesi olan bir Ki-kare dagilimim
%95’inden biiyiik olan say1 nedir?

— Sorulan
P(X§ > X¢,05) = -0
— Cevap
X605 = 12.59
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e Ornek: Daha ¢nce basedilen 6 serbestlik dereceli
ki-kare dagilimi icin bu dagilimin ortalamasinin
etrafindaki %90’ 11 iceren say1 ciftini bulalim

Fiz,) &

— L g

— o2 0 b2 t,

FIGURE 88 P(—t,un <t,<t,mr) = | —a, wheret,isa
Student’s f random variable with » degrees of freedom
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— 11k 6nce o degeri
l—a=09 a=0.1
— dolayisiyla
P(X§.95 < X& < X5,.05) = 0.9
— ve istenilen deger

%)



TABLE 5 Cutoff points of the chi-square distribution function

i

For selected probabilities a, the table shows the values x5, such that & = P(x.' = xi.). where x. is a chi-square randam varisble
with  degrees of freedom. For example, the probability is 100 that a chi-syuare random variable with 10 degrees of frecdom is
greater than 15.59.

895 990 975 S50 500 100 0 025 0 LLia]

1 00393 Y157 0,082 007393 04158 B4 502 663 k]
2 (UDIEHD 0201 0.0506 0,103 0211 559 T3 921 10,60
3 [ Tir 0115 0.216 0,352 0584 T.E1 9.5 1134 1284
4 0.207 0297 0,484 0711 1.054 LR 1114 1328 14.585
5 0412 0554 0831 1145 161 o7 1283 1508 16.75
@ 0.676 a7z 1.24 164 23 12.5% 445 14451 1855
7 0,984 124 168 217 253 14.07 1601 L1848 2028
a 1.34 1.65 LiE 273 349 15.51 1753 20009 2146
G 1.73 .09 270 333 417 1692 12 2167 1359
] 216 .56 e 154 487 18.31 g 23.21 23.19
1L 250 05 382 457 5.58 168 21492 24.73 2676
12 3407 357 4,40 523 6,30 2143 23.34 26,22 28,30
13 157 411 5.1 180 104 2134 4,74 2769 582
14 447 466 563 657 ENG 2368 2602 2004 ki
15 460 523 6.26 .26 &85 2500 27,44 3058 IE
16 304 581 L) 796 9.31 2630 2445 2200 1N
17 570 641 156 867 10,08 2759 19 1341 3571
18 626 701 .23 9,39 10,86 28,37 31.53 REE Y] e
14 iRl T8} 831 iz 11.65 18 285 36.14 458
il 743 826 0.5 1085 1244 3141 3407 37157 H0.00
21 CEEE] 290 28 11.59 1324 3267 3548 3843 41.40
2 &.54 1098 1234 14.04 11m 36.T8 40,18 4280
23 026 10:20 1069 1308 14.45 3517 38008 4064 44,18
24 .8 1086 12.40 1388 5.6 3642 3936 4298 4556
25 10.52 11.52 13.12 14.61 16.47 37.65 Al65 44,31 4643
26 10,46 1230 13.84 1538 17,39 3889 4142 45,64 45,29
27 10,81 1288 14.57 1615 1811 40,11 43,19 44686 49.64
i 12,46 13.56 15.31 L6593 15594 4154 44.46 48,08 S0,
29 1312 14.26 16,05 'Yhdl 19.77 42,56 45.72 45,50 5234
k') 13.7% 1495 1674 18.49 ] 43717 4644 5085 5347
40 AT 216 2443 26,51 H0s 5576 54,14 G364 6671
0 .99 2971 3236 14,78 ErE 67,50 Tral 76,15 To.4%
i) 1553 1748 40.45 4319 46,46 TROR RI50 BR.38 9195



e Suppose there is a random sample of n observa-
tions from a normal distribution with unknown
variance, o2. If the observed sample standart
deviation is s, then the 100(1 — a)% confidence
interval for the population variance is given by

2 2
1—oz:P((nQ_1>8 <o’ < (Zn—l)s )
Xn—l,a/Q Xn—l,l—a/Z

a7



e Ornek: Agri kesici ilaclarin 15 elemanl bir 6rnek-
leminde aktif madde icerigi %8 standart sapma
gostermistir. Bu ilaclarin populasyonunun varyan-
sinmn %90’lik giiven araligim bulunuz

n—1)s2 n —1)s
m-D% _ ,_ (=D

2 2
Xn—l,oz/Z Xn—l,l—a/Q
14% .8 o 14% .8

23.68 7S 6.57

378 < 0% < 1.364
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Confidence Interval Estimation: Finite Populations

e Bu chapter boyunca analizini yaptigimiz bir ¢cok
konu icin arka planda yaptigimiz bir kabullenme
vardi. Bu da populasyona oranla ¢rneklemdeki
eleman sayisinin populasyonun tiimiine gore kiiciik
olduguydu (n < 0.05N). Eger bu kosul saglan-
mazsa orneklemlerin birbirinden bagimsiz dagildigini
varsayamayiz ve yukaridaki pek cok formiilde bir
diizeltme geretir. Burada bunun detayma gir-
miyoruz
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