CHAPTER 9: CONFIDENCE INTERVAL ESTIMATION:
FURTHER TOPICS

Confidence Interval Estimation of the Difference Between Two
Normal Population Means: Dependent Samples

e To compare population means, random samples
are drawn from the two populations and their
means are compared.

— Suppose a company receive shipments of a chem-
ical from two suppliers and be concerned about
the difference between the mean levels of im-
purity in the chemicals from the two sources
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Dependent Samples

e ‘Dependent samples’ means that the values in
one sample are influenced by the values in the
other sample. They are either matched pairs (re-
semble one another as closely as possible) or the
same individual or objects tested twice

— Suppose that the effectiveness of a speed-reading
course is to be measured. Record and com-
pare the number of words per minute read by
a sample of students before taking the course
and and after taking the course

2



e Let’s denote the means of two normally distrib-
uted populations by py and py .

e Suppose the random sample of z1, 9, ..., T, are
drawn from the first population, and the random
sample of yi,v9, ...,y are drawn from the sec-
ond population

e The difference of observations is d; = x; —y;, the
mean and standart deviation of these differences
is d and s



e If the population distribution of the differences is
assumed to be normal, then a 100(1 — a)% confi-
dence interval for the differences between means

is (ug = px — iy)

J_ tn—l,oz/Q *Sd < B - J+tn—1,oz/2 *Sd
NG X — Y NG




e Ornek (matched pairs): Farkh yillarda iiretilmis
ayni marka fakat farkli model 2 grup arabadan 8
tanesi secilerek eglestirilmis, ve mile/gallon cinsin-
den asagidaki yakit tiiketimleri elde edilmistir.
Bu iki grup arabanin yakit tiiketimlerine ait pop-
ulasyon ortalamalarimn farkimin %99 giiven ar-
aligii bulunuz
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e Kullanacagimiz formidil
d—t °d d+t °d
~in-la/2* < Hx—Hy <o+ n—la/2*

e Orneklem ortalamasi
n
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ve standart sapmasi

s; = v/.816 = .903

e Soruda verilen bilgiler: d = .775 sz = .903
n=38 «a=.01 tn—l,oz/Q = 17,005 = 3-499

e Formiile uyguladigimizda

3.499 x .903 3.499 x .903

TT5— < pux—py < 775+
7 HX—Hy 7

342 < py — py < 1.892

e Yukaridaki aralik 0’1 icerdiginden populasyon or-
talamalar1 arasinda ciddi bir fark gdremiyoruz.
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Confidence Interval Estimation of the Difference Between Two
Normal Population Means: Independent Samples

e In this case we develop confidence interval es-
timation when two samples are drawn indepen-
dently from two normally distributed populations.
We consider three situations

1. Both population variances are known

2. Both population variances are not known, but
considered to be equal

3. Both population variances are not known and
not considered to be equal (will not cover)
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1- Both population variances are known

e Suppose n, observation are drawn from a popu-
lation with mean py and variance 0%(, and ny
observation are drawn from a population with
mean (y and variance a%/, let the respective

sample means are x and ¥

E(X -Y)=E(X)-EY)=pux — py
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since the samples are independent

2 2
Var(X =Y)=Var(X) +Var(Y) = T Y
ng Ny

and it can be shown that in the case of indepence
the differences are also normally distributed

, MX [1y)
\/_ —I_ ny
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Then the 100(1 — a)% confidence interval of the
differences of population means can be formed as
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e Ornek: Rassal bir sekilde secilmis 96 kisilik sigara
icen bir grupta, isten kaytarma aliskanlhigimin 2.15
saat /ay oldugu, secilen bagimsiz 206 kisilik sigara
icmeyen bir drneklemde ise 1.69 saat/ay oldugu
ortaya cikmustir. Bu gruplarin populasyonlarin-
daki standart sapmanin, énceki yillarda yapilan
caligmalardan sirasiyla 2.09 saat /ay ve 1.91 saat /ay
oldugu bilinmektedir. Bu iki grubun populasyon
ortalamarimin arasindaki fark icin %99 giiven ar-
aligii bulunuz
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Soruda verilen bilgiler: = =2.15 o0, = 2.09
ng =9 y=169 o0y=169 ny=2006
Bu iki grup profesoriin ortalama harcadiklar

zaman aradindaki farkin %90 giiven araligim
bulunuz

+ Kullanacimiz formiil

o2 0%
- _ X
rT—y)— % — T < px — My
( ) /2 Ny ny

2 2

_ _ g g
< (xy)+z&/2\/nx+ nY
L Y
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a = 10 icin kulanacagimiz z degeri

Z@/Q — 2005 — 2.575

2.09%2 1.91%
2.15 — 1.69) — 2.5754/ 2 4 =~ _
2.092 1.91
< (2.15 — 1.69 2.575\/— il
( )+ % 206

—19<puxy —py <1.11
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e Ornek: Bir grup isletme ve bir grup iktisat pro-
tesorii bir ders saati icin gereken ders notlarinin
hazirligr icin ka¢ saat harcadiklar1 sorulmustur.
321 tane iktisat hocasimin ortalama 3.01 saat,
94 igletme hocasinin da ortalama 2.88 saat har-
cadiklarr goriilmiistiir. Daha ¢nceki anket calig-
malarindan iktisat hocalar1 populasyonunun bu
soruya cevabinin 1.09, isletme hocalar1 populasy-
onunun da 1.01 standart sapma gosterdikleri go-
zlenlenmigtir. Bu iki grup profestr populasy-
onunun ortalamala harcadiklar1 saatler arasin-
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daki farkin %95 giiven araligim bulunuz

— Iktisat profesorlerini X ile, isletme profesor-
lerini Y ile gosterelim.

— Soruda verilen bilgiler: z =3.01 o, =1.09
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Za )2 = 2025 = 1.96

1.092  1.01%
3.01 — 2.88) — 1.96 _
( ) \/321+942<”X2 HY
1.092  1.01
3.01 — 2.88) + 1.964 ) 0 +
< )+ 21 o

-1l < py —py < .37
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2- Both population variances are not known, but considered to be equal

e Suppose we don’t know the population variances
of the independent populations

e If these unknown variances are assumed to be

equal: 0% = 05 = 02, then we can use sam-
ple variances, 3% = 53, to estimate the common

variance o2. In a way that

2 (ngy — 1)s2 + (ny — 1)5%

p

Ny + Ny — 2
and as we did before when we use sample stan-
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dart deviations we refer to Student t-distributions
(z —9) — (px — py)

S . 5
_|_
Ny Ny

As a result, the 100(1 — a)% confidence inter-
val of the differences of population means can be

—
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formed as

(x - y) tnx+ny—2 04/2\/_ +— < Ux — Ky

<(T=¥) +ly, 1, 2@/2\/—+_

— Note that since we use two sample means, we
lose two degrees of freedom, and the required
degree of freedom you need to use is n;+mny—2
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e Ornek: Planlamanm bankalarin finansal perfor-
mansi lizerindeki etkilerini arastiran bir calismada,
rastgele bir sekilde 6 elemanli bir ‘profesyonel
planlayicilar’ 6rnekleminde gelirlerin yillik ytizde
ortalama artisimin 9.972, bunun standart sap-
masiminda 7.470 oldugu gozlemlenmistir. ‘Pro-
tesyonel olmayan planlayicilar’ olan 9 elemanl
bagimsiz diger bir rassal banka ornekleminde ise
bu ytizde artisin ortalamasinin 2.098, bunun stan-
dart sapmasininda 10.834 oldugu gozlemlenmistir.
Her iki grup populasyonunda normal dagildigi ve
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ayn1 varyansa sahip oldugu diistiniiliirse, bu pop-
ulasyonlarin ortalamalar: arasindaki farkin %90
giiven araligim bulunuz

— Soruda verilen bilgiler: z = 9972 s, =
7470 ngy =6 y=2098 s, =10.834

2 _ (ng — 1)s% + (ny — 1)sy,
b (ng +ny — 2)
5% TAT? + 8% 10.834°

13

= 93.693
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Sp = Vv 93.693 = 9.68

Ny + Ny

(T —9) — tng;+ny2,oz/28p\/ o < px — My

Ny + Ny

<(z—yg)+ tng;JrnyQ,oz/QSp\/

tnx—i—ny—Q,oz/Q — t13705 — 1771

NNy
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6+ 9
(9.972 — 2.098) — 1.771 % 9.68 /5—2

< HX T HY

/6 +9

1.161 < puy — py < 16.909
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Confidence Interval Estimation of the Difference Between Two
Population Proportion (Large Samples)

e Suppose we are are interested in the difference
between the proportion of successes in two popu-
lations, and we use sample proportions two infer
conclusions about that

e The distribution of the difference of the propor-
tion of successes in two samples
o _ bx —py) — E(bx — py)
Var(px — py)
e The mean of the difference between sample pro-
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portions

E(px —py) = E(px) — E(py) = Px — Py
the standart deviation of the difference between

sample proportions

Var(px — py) = Var(px) — Var(py)
Px(1— Py) N Py(1— Py)
o ny

for the large sample size, the population propor-
tions, Py and Py, can be replaced by sample
proportions, py and py, and the following ran-
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dom variable has a standard normal distribution
S _Wx —py) — (Px — Py)

\/ﬁX(l —px)  py(l—Dpy)

_|_
Ny Ny

Fimally, the confidence interval can be formed as

. A px(1—p py(L —p
(px—py>—za/2\/ X! X>+ t 2 <DPXx

Ny ny

. A px(1—px) py(l—py
< (pX—py)+z@/2\/ +
o Ny
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e Ornek: Tiiketiciler arasinda yapilan bir ankette
A aletinin kullamiminin zor olup olmadig1 sorul-
mus, ve 1. bolgeden secilen 92 tiiketiciden 49y,
2. bolgeden secilen 86 tiiketicilenin 36’s1 evet
cevabini vermistir. 1ki bolgedeki tiiketici popu-
lasyonlarindaki evet cevabimi verebilecek yiizde
secmen oranlari arasindaki fark icin %90 giiven
araligii bulunuz

— Soruda verilen bilgiler: pxy = 49/92 = .53
ne=92 Py =36/86=.42 n, =86
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— Yukaridaki formiilde ihtiyacimiz olan deger
Za )2 = 205 = 1.645

son olarak

D3 % .47 A2 % .58
03 — .42) — 1.645
( ) \/ 92 " 86

<PX —PY

D3 % .47 42 x B
D3 — .42 1.645
< (.53 )+ \/ % + %6

—.008 < px —py < .236
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e Ornek: Secimlerdeki bir partinin secmenler tarafin-
dan nasil algilandigini belirlemek tizere pek cok
tahmin yapilmgtir. A bélgesinden secilmig120
kisilik rassal bir 6rneklemde, 107 kisi bahsi geden
partiyi desteklediklerini belirtmistir. B bolgesin-
den secilmis 141 kisilik rassal bir 6rneklemde,
73 kisi bahsi gecen partiyi desteklediklerini be-
lirtmistir. A ve B bolgelerindeki secmen popu-
lasyonlarinda partiyi destekleyen yiizde se¢cmen
oranlar1 arasindaki fark icin %95 giiven araligini
bulunuz
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— Soruda verilen bilgiler: py = 107/120 = .89
ne =120  py = 73/141 = .52 ny = 141
— Kullacagimiz formiil

(bx — ) — 2 /2\/15)((1 —px) by = py)
(87

Ny ny
< PX — DY
. . px(1—px) py(l—>py)
< (px —py) + ZQ/Q\/ - T -
x Y

ihtiyacimiz olan deger
Za/2 — 2025 = 1.96
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dolayisiyla

80 % .11 .52 * .48
89 — 52) — 1.96 _
( ) \/ S0 T < PX D)
89 % .11 .52 * 48
89 — 52) +1.96
< )+ \/ 20 14

275 < py — py < 473
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