
CHAPTER 9: CONFIDENCE INTERVAL ESTIMATION:
FURTHER TOPICS

Con�dence Interval Estimation of the Di¤erence Between Two
Normal Population Means: Dependent Samples

� To compare population means, random samples
are drawn from the two populations and their
means are compared.

�Suppose a company receive shipments of a chem-
ical from two suppliers and be concerned about
the di¤erence between the mean levels of im-
purity in the chemicals from the two sources
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Dependent Samples

� �Dependent samples�means that the values in
one sample are in�uenced by the values in the
other sample. They are either matched pairs (re-
semble one another as closely as possible) or the
same individual or objects tested twice

�Suppose that the e¤ectiveness of a speed-reading
course is to be measured. Record and com-
pare the number of words per minute read by
a sample of students before taking the course
and and after taking the course
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� Let�s denote the means of two normally distrib-
uted populations by �X and �Y :

� Suppose the random sample of x1; x2; :::; xn are
drawn from the �rst population, and the random
sample of y1; y2; :::; yn are drawn from the sec-
ond population

� The di¤erence of observations is di = xi�yi, the
mean and standart deviation of these di¤erences
is �d and sd
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� If the population distribution of the di¤erences is
assumed to be normal, then a 100(1��)% con�-
dence interval for the di¤erences between means
is (�d = �X � �Y )

�d�
tn�1;�=2 � sdp

n
< �X��Y < �d+

tn�1;�=2 � sdp
n
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� Örnek (matched pairs): Farkl¬y¬llarda üretilmi̧s
ayn¬marka fakat farkl¬model 2 grup arabadan 8
tanesi seçilerek ȩslȩstirilmi̧s, vemile/gallon cinsin-
den a̧sa¼g¬daki yak¬t tüketimleri elde edilmi̧stir.
Bu iki grup araban¬n yak¬t tüketimlerine ait pop-
ulasyon ortalamalar¬n¬n fark¬n¬n %99 güven ar-
al¬¼g¬n¬bulunuz
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i xi yi di d2i
1 19.4 19.6 -0.2 .04
2 18.8 17.5 1.3 1.69
3 20.6 18.4 2.2 4.84
4 17.6 17.5 .1 .01
5 19.2 18.0 1.2 1.44
6 20.9 20.0 .9 .81
7 18.3 18.8 -.5 .25
8 20.4 19.2 1.2 1.44

Sums 6.2 10.52
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� Kullanaca¼g¬m¬z formül
�d�tn�1;�=2�

sdp
n
< �X��Y < �d+tn�1;�=2�

sdp
n

� Örneklem ortalamas¬

�d =

nP
i=1
di

n
=
6:2

8
= :775

örneklem varyans¬

s2d =

nP
i=1
(xi � �x)2

n� 1 =

nP
i=1
x2i � n�x

2

n� 1 =
10:52� 8 � :7752

7
= :816
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ve standart sapmas¬

sd =
p
:816 = :903

� Soruda verilen bilgiler: �d = :775 sd = :903
n = 8 � = :01 tn�1;�=2 = t7;:005 = 3:499

� Formüle uygulad¬¼g¬m¬zda

:775�3:499 � :903p
8

< �X��Y < :775+
3:499 � :903p

8
�:342 < �X � �Y < 1:892

� Yukar¬daki aral¬k 0�¬içerdi¼ginden populasyon or-
talamalar¬aras¬nda ciddi bir fark göremiyoruz.
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Con�dence Interval Estimation of the Di¤erence Between Two
Normal Population Means: Independent Samples

� In this case we develop con�dence interval es-
timation when two samples are drawn indepen-
dently from two normally distributed populations.
We consider three situations

1. Both population variances are known

2. Both population variances are not known, but
considered to be equal

3. Both population variances are not known and
not considered to be equal (will not cover)
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1- Both population variances are known

� Suppose nx observation are drawn from a popu-
lation with mean �X and variance �

2
X , and ny

observation are drawn from a population with
mean �Y and variance �2Y , let the respective
sample means are �x and �y

E( �X � �Y ) = E( �X)� E( �Y ) = �X � �Y
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since the samples are independent

V ar( �X � �Y ) = V ar( �X) + V ar( �Y ) =
�2x
nx
+
�2Y
ny

and it can be shown that in the case of indepence
the di¤erences are also normally distributed

Z =
( �X � �Y )� (�X � �Y )s

�2x
nx
+
�2Y
ny
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Then the 100(1� �)% con�dence interval of the
di¤erences of population means can be formed as

(�x� �y)� z�=2

s
�2x
nx
+
�2Y
ny
< �X � �Y

< (�x� �y) + z�=2

s
�2x
nx
+
�2Y
ny
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� Örnek: Rassal bir şekilde seçilmi̧s 96 ki̧silik sigara
içen bir grupta, i̧sten kaytarma al¬̧skanl¬¼g¬n¬n 2.15
saat/ay oldu¼gu, seçilen ba¼g¬ms¬z 206 ki̧silik sigara
içmeyen bir örneklemde ise 1.69 saat/ay oldu¼gu
ortaya ç¬km¬̧st¬r. Bu gruplar¬n populasyonlar¬n-
daki standart sapman¬n, önceki y¬llarda yap¬lan
çal¬̧smalardan s¬ras¬yla 2.09 saat/ay ve 1.91 saat/ay
oldu¼gu bilinmektedir. Bu iki grubun populasyon
ortalamar¬n¬n aras¬ndaki fark için %99 güven ar-
al¬¼g¬n¬bulunuz
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Soruda verilen bilgiler: �x = 2:15 �x = 2:09
nx = 96 �y = 1:69 �y = 1:69 ny = 206

Bu iki grup profesörün ortalama harcad¬klar¬
zaman arad¬ndaki fark¬n %90 güven aral¬¼g¬n¬
bulunuz

� Kullanac¬m¬z formül

(�x� �y)� z�=2

s
�2x
nx
+
�2Y
ny
< �X � �Y

< (�x� �y) + z�=2

s
�2x
nx
+
�2Y
ny
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� = 10 için kulanaca¼g¬m¬z z de¼geri

z�=2 = z:005 = 2:575

(2:15� 1:69)� 2:575
r
2:092

96
+
1:912

206
< �X � �Y

< (2:15� 1:69) + 2:575
r
2:092

96
+
1:912

206
�:19 < �X � �Y < 1:11
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� Örnek: Bir grup i̧sletme ve bir grup iktisat pro-
fesörü bir ders saati için gereken ders notlar¬n¬n
haz¬rl¬¼g¬için kaç saat harcad¬klar¬sorulmu̧stur.
321 tane iktisat hocas¬n¬n ortalama 3.01 saat,
94 i̧sletme hocas¬n¬n da ortalama 2.88 saat har-
cad¬klar¬görülmü̧stür. Daha önceki anket çal¬̧s-
malar¬ndan iktisat hocalar¬populasyonunun bu
soruya cevab¬n¬n 1.09, i̧sletme hocalar¬populasy-
onunun da 1.01 standart sapma gösterdikleri gö-
zlenlenmi̧stir. Bu iki grup profesör populasy-
onunun ortalamala harcad¬klar¬ saatler aras¬n-
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daki fark¬n %95 güven aral¬¼g¬n¬bulunuz

�·Iktisat profesörlerini X ile, i̧sletme profesör-
lerini Y ile gösterelim.

�Soruda verilen bilgiler: �x = 3:01 �x = 1:09
nx = 321 �y = 2:88 �y = 1:01 ny = 94

(�x� �y)� z�=2

s
�2x
nx
+
�2Y
ny
< �X � �Y

< (�x� �y) + z�=2

s
�2x
nx
+
�2Y
ny
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z�=2 = z:025 = 1:96

(3:01� 2:88)� 1:96
r
1:092

321
+
1:012

94
< �X � �Y

< (3:01� 2:88) + 1:96
r
1:092

321
+
1:012

94
�:11 < �X � �Y < :37
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2- Both population variances are not known, but considered to be equal

� Suppose we don�t know the population variances
of the independent populations

� If these unknown variances are assumed to be
equal: �2x = �2y = �2; then we can use sam-
ple variances, s2x = s

2
y, to estimate the common

variance �2: In a way that

s2p =
(nx � 1)s2x + (ny � 1)s2y

nx + ny � 2
and as we did before when we use sample stan-
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dart deviations we refer to Student t-distributions

t =
(�x� �y)� (�X � �Y )s

s2p
nx
+
s2p
ny

As a result, the 100(1 � �)% con�dence inter-
val of the di¤erences of population means can be
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formed as

(�x� �y)� tnx+ny�2;�=2

s
s2p
nx
+
s2p
ny
< �X � �Y

< (�x� �y) + tnx+ny�2;�=2

s
s2p
nx
+
s2p
ny

�Note that since we use two sample means, we
lose two degrees of freedom, and the required
degree of freedomyou need to use is nx+ny�2
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� Örnek: Planlaman¬n bankalar¬n �nansal perfor-
mans¬üzerindeki etkilerini ara̧st¬ran bir çal¬̧smada,
rastgele bir şekilde 6 elemanl¬ bir �profesyonel
planlay¬c¬lar�örnekleminde gelirlerin y¬ll¬k yüzde
ortalama art¬̧s¬n¬n 9.972, bunun standart sap-
mas¬n¬nda 7.470 oldu¼gu gözlemlenmi̧stir. �Pro-
fesyonel olmayan planlay¬c¬lar� olan 9 elemanl¬
ba¼g¬ms¬z di¼ger bir rassal banka örnekleminde ise
bu yüzde art¬̧s¬n ortalamas¬n¬n 2.098, bunun stan-
dart sapmas¬n¬nda 10.834 oldu¼gu gözlemlenmi̧stir.
Her iki grup populasyonunda normal da¼g¬ld¬¼g¬ve
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ayn¬varyansa sahip oldu¼gu dü̧sünülürse, bu pop-
ulasyonlar¬n ortalamalar¬aras¬ndaki fark¬n %90
güven aral¬¼g¬n¬bulunuz

�Soruda verilen bilgiler: �x = 9:972 sx =
7:470 nx = 6 �y = 2:098 sx = 10:834
ny = 9

s2p =
(nx � 1)s2X + (ny � 1)s

2
Y

(nx + ny � 2)

=
5 � 7:472 + 8 � 10:8342

13
= 93:693
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sp =
p
93:693 = 9:68

(�x� �y)� tnx+ny�2;�=2sp
r
nx + ny
nxny

< �X � �Y

< (�x� �y) + tnx+ny�2;�=2sp
r
nx + ny
nxny

tnx+ny�2;�=2 = t13;:05 = 1:771
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(9:972� 2:098)� 1:771 � 9:68
r
6 + 9

54
< �X � �Y

< (9:972� 2:098) + 1:771 � 9:68
r
6 + 9

54

1:161 < �X � �Y < 16:909
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Con�dence Interval Estimation of the Di¤erence Between Two
Population Proportion (Large Samples)

� Suppose we are are interested in the di¤erence
between the proportion of successes in two popu-
lations, and we use sample proportions two infer
conclusions about that

� The distribution of the di¤erence of the propor-
tion of successes in two samples

Z =
(p̂X � p̂Y )� E(p̂X � p̂Y )

V ar(p̂X � p̂Y )
� The mean of the di¤erence between sample pro-
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portions

E(p̂X � p̂Y ) = E(p̂X)� E(p̂Y ) = PX � PY
the standart deviation of the di¤erence between
sample proportions

V ar(p̂X � p̂Y ) = V ar(p̂X)� V ar(p̂Y )

=
PX(1� PX)

nx
+
PY (1� PY )

ny

for the large sample size, the population propor-
tions, PX and PY , can be replaced by sample
proportions, p̂X and p̂Y ; and the following ran-
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dom variable has a standard normal distribution

Z =
(p̂X � p̂Y )� (PX � PY )s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny

Fimally, the con�dence interval can be formed as

(p̂X � p̂Y )� z�=2

s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny
< pX � pY

< (p̂X � p̂Y ) + z�=2

s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny
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� Örnek: Tüketiciler aras¬nda yap¬lan bir ankette
A aletinin kullan¬m¬n¬n zor olup olmad¬¼g¬sorul-
mu̧s, ve 1. bölgeden seçilen 92 tüketiciden 49�u,
2. bölgeden seçilen 86 tüketicilenin 36�s¬ evet
cevab¬n¬vermi̧stir. ·Iki bölgedeki tüketici popu-
lasyonlar¬ndaki evet cevab¬n¬verebilecek yüzde
seçmen oranlar¬aras¬ndaki fark için %90 güven
aral¬¼g¬n¬bulunuz

�Soruda verilen bilgiler: p̂X = 49=92 = :53
nx = 92 p̂Y = 36=86 = :42 ny = 86

29
Ozan Eksi, TOBB-ETU



�Yukar¬daki formülde ihtiyac¬m¬z olan de¼ger

z�=2 = z:05 = 1:645

son olarak

(:53� :42)� 1:645
r
:53 � :47
92

+
:42 � :58
86

< pX � pY
< (:53� :42) + 1:645

r
:53 � :47
92

+
:42 � :58
86

�:008 < pX � pY < :236
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� Örnek: Seçimlerdeki bir partinin seçmenler taraf¬n-
dan nas¬l alg¬land¬¼g¬n¬belirlemek üzere pek çok
tahmin yap¬lm¬̧st¬r. A bölgesinden seçilmi̧s120
ki̧silik rassal bir örneklemde, 107 ki̧si bahsi geöen
partiyi desteklediklerini belirtmi̧stir. B bölgesin-
den seçilmi̧s 141 ki̧silik rassal bir örneklemde,
73 ki̧si bahsi geçen partiyi desteklediklerini be-
lirtmi̧stir. A ve B bölgelerindeki seçmen popu-
lasyonlar¬nda partiyi destekleyen yüzde seçmen
oranlar¬aras¬ndaki fark için %95 güven aral¬¼g¬n¬
bulunuz
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�Soruda verilen bilgiler: p̂X = 107=120 = :89
nx = 120 p̂Y = 73=141 = :52 ny = 141

�Kullaca¼g¬m¬z formül

(p̂X � p̂Y )� z�=2

s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny
< pX � pY

< (p̂X � p̂Y ) + z�=2

s
p̂X(1� p̂X)

nx
+
p̂Y (1� p̂Y )

ny

ihtiyac¬m¬z olan de¼ger

z�=2 = z:025 = 1:96
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dolay¬s¬yla

(:89� :52)� 1:96
r
:89 � :11
120

+
:52 � :48
141

< pX � pY

< (:89� :52) + 1:96
r
:89 � :11
120

+
:52 � :48
141

:275 < pX � pY < :473
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